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Instruction

. Solve 2 problems out of Problems A, B, and C.
. Solve 3 problems out of Problems 1 to 9.

. Note that if you solved more problems than specified above, all problems you solved

might not be scored.

. Write the problem number and your examinee number in the designated place of each

answer sheet.

. Use one answer sheet per problem.

. You may use the other side of the answer sheet, but in that case you should indicate

that, for example, by writing “continue to the other side.”
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B A

AFRTIE, R PRTFHDETIETRTERE TS, nx n AETH A DEIEEMET
HHEE, FEDOnIRTHRZ bzl LU TCalAe > 052 Thb. 12770,
TIERTZ MV ERIIFHIOEEZRT. /2, (ROMEIZEEHZ LU THWTHED 2N,

o MFRTH A I3 Y REAATH U L 475 D #FHHWT A=UDU'" &5,

o NFMTI| ADEIEEMTH & 720 DBEFIFMIZ, TOEEMERTNTIHA LR
5ZLTH5.

(1) FEED n IRTTHIRT MV 2 1ZDWT x| MY IEEMETFI &85 2 L Z2RE.

(2) n x n EIEEMENFATH A2 LT A = B? 2§72 9L IEEENFRMTH B BMEET
L%t (7H BO—EHEIRI LTIV,

n X nﬁﬁﬁﬁﬁﬂ A= (ai7]’)1§i7j§n, B = (bi,j)lgi,jgn Oiﬂbf <A, B> = tI‘(ABT) ti%j_
5. 127U, tr(C) A C DML —ATHS.

(3) n x n JFATH A D, fERED n x n PIEEMENFATH X 12U T (A, X) >0Zm7:
TaolE, AbFPEEMETNE LI E2RE. (B b (1) OFREEHWS.)

(4) W n x n WAMTH] A DEEEMETH 72 51F, FRED n x n BIEEHENFRMTS] X (2
HNUT(AX)>02%5Zzent. (Brb (2 OfREZANS.)



Problem A

In what follows, all the elements of vectors and matrices are real. An n xn symmetric ma-
trix A is called positive semidefinite if " Ax > 0 is valid for an arbitrarily n-dimensional
vector &. Here, ' means a transpose of a vector or a matrix. Also, the following state-

ments can be used without proofs.

e A symmetric matrix A can be written as A = UDU ' by considering an appropriate
orthogonal matrix U and a diagonal matrix D.

e A necessary and a sufficient condition for a symmetric matrix A to be positive
semidefinite is that all of its eigenvalues are non-negative.

1) Show that xx' is a positive semidefinite matrix for an arbitrarﬂy n-dimensional
vector .

(2) Given an nxn positive semidefinite symmetric matrix A, show that there is a positive
semidefinite symmetric matrix B such that A = B? (it is not necessary to show the
uniqueness of B).

For n x n symmetric matrices A = (a; )1<i j<n, and B = (b; ;)1<i j<n, we define (A, B) =

tr(AB"), where tr(C) is the trace of C.

(3) If an n x n symmetric matrix A satisfies (A, X) > 0 for an arbitrarily n x n positive
semidefinite symmetric matrix X, then show that A is also a positive semidefinite
matrix. (Hint: Use the fact (1)).

(4) On the other hand, if the n x n symmetric matrix A is positive semidefinite, show
that (A, X) > 0 is valid for an arbitrarily n x n positive semidefinite symmetric
matrix X. (Hint: Use the fact (2)).
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(1) D EDOREMH % Kb &

/ log x J
LTrap

/°° log s
2 (L4
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Problem B

(1) Find the indefinite integral

/ log x J
Trap

/°° log x
———dx
2 (L+a)

(2) Find the improper integral



B C

BUFO (1), (2) Wi h & $ITfEHE &,
(1) IEEE OB f(n) & g(n) WIROSEMETEZSTZ L% Tf(n)1Z0(gn)) THB] &
de, EIm,Vn(n >m = f(n)<c- g(n))
72720 e,mn I ZIEBER EOEBTHY =13 6] 2RITwmHTLSTHS.
(1-1) EEHOERHEDOEE, 2F0 [f(n)ldO(gn)) THWVW] &\WS T &% LEl L Fkk
R TERE., AR LUAEERTRELSEZHAVTRWIT W, D] 2K
AR TEREF] 2R VIFHWTS L.
(1-2) 2n? + 412 0O(n?) TH 5 Z & ZFEHE &.
(2 D CEFETUT I L%EZS. 72720 D[1..10] 1ZT7 ¥ X L WHELS A - 725
BHA, x, v, n (FBEEHTH 5.

while (X ) {
y = III
while (y | 4 ] {

if (D[y] > D[y+1]) {
= D[y]; D[yl = D[y+1]; D[y+1] =

y=[51]

IDTAT T LWPRO RS cEm] 1 [ 2 | ..., 6 |ic#Es

Gl D L.

e ZNHMD[L1..10] ITHTZY -+ TILITYXLE2EHTS. bbbl ro
77 L DFEFTEITIED DEALT D[1] <D[2] < --- <D[10] &7 5.

o TUJ I LDIEDEFTHITE &S L 45RO T — X (f XDFET) %2175.
WD BFRIZATDOEDHFNSEMILIZ—D T ORI &, EROEMIND 515
BTCHLHEBOEBRZEATITVIT R,

B |
1, 2, 9, 10

>=1, >=2, <=9, <=10

1, 2, 9, 10, x, x+1, x-1

>=1, >=2, >=x, >=x+1, >=x-1, <=9, <=10, <=x, <=x+1, <=x-1
y+1, y-1

x+1, x-1

3 >= & <= IFTNTFNESNEALES [>] & <] 22T 5.

? el

\f
)4

7



Problem C

Solve the following two questions.

(1) Let f(n) and g(n) be functions on the positive integers. We say “f(n) is O(g(n))”
if the following condition holds.

Je, EIm,Vn(n >m = f(n)<c- g(n))

where ¢, m and n are variables on positive integers and “=" is the logical symbol
that represents “implies.”

(1-1) Write the negation of the above logical formula (that is, a logical formula whose
meaning is reflected by the statement “f(n) is not O(g(n))”) without using the
logical symbol that represents “not”. You may use the logical symbols “A” (for
“and”) and “Vv” (for “or”).

(1-2) Prove that 2n? + 4 is O(n?).

(2) Consider the following code written in C, where D[1..10] is an array of integers
with random initial value and x, y and n are integer variables.

x=[ 1 J;
while (x [ 2 ) {
y=[31;
while (y [ 4 ] {
if (D[y] > D[y+1]) {
n = D[y]; D[y] = D[y+1]; D[y+1] = n;

+
y=[51]

Fill in the blanks , , R El with appropriate expressions so as to

satisfy the following two conditions.

e This realizes a sorting algorithm for D[1..10]. In other words, the value of D
must be D[1] < D[2] < --- < D[10] after the execution of the program.

e The comparison between data (that is, the if-statement of the above program)
is executed exactly 45 times during one execution of the program.

For each blank, choose one expression from the following table. You may not choose
two or more expressions for one blank even if there are many correct answers.



’ Blanks ‘ Expressions

1, 2, 9, 10

>=1, >=2, <=9, <=10

1, 2, 9, 10, x, x+1, x-1

>=1, >=2, >=x, >=x+1, >=x-1, <=9, <=10, <=x, <=x+1, <=x-1

y+1, y-1

SRaENS

x+1, x-1

Note that the operators >= and <= mean “>” and “<” respectively.



A 1

B a,b,c T LT
a=b (mod c)

WXa—bDcDEBTHAEILEZERTDHHDET S, HARB n I LT ZOREEZ n!
THIT L&, UTFOMIZEZ L.

(1) 6= -1 (mod 7) BLV 10! = -1 (mod 11) ZmE.
(2) p 2FEETHLE (p—1)=—-1 (mod p) ZRE.

10



Problem 1

Let a, b, ¢ be integers and write
a=b (mod c)

if a — b is a multiple of c¢. Also n! stands for a factorial of n.
(1) Show 6! = —1 (mod 7) and 10!= —1 (mod 11).

(2) If p is a prime, show (p — 1)! = —1 (mod p).

11



B 2

X zfitHZEM & U, f,9 2 X EOEBUHERBEKE T2 &, BINIIER L.

(1) FIZX=R"D&E, f+g& fglf, HITEREHRTHSZLE2RE, 727U n ik
EDEEHET 5.

(2) AIAHZER X 225 R2 ~NDEMH
O: X 5a (f(z),9(x) € R?
(ESUE TR DA I T el
(3) X DM EMTHELE, f+g & fglf, HTEEEHTH S Z L E2RE.

(4) X DBRMIEMTHE LS, BAEA={rc X; f(z) = gz)} BHEE LB L%
TR

12



Problem 2

Let f and g be real-valued continuous functions on a topological space X. Answer the
following questions:

(1) Show the continuity of f+ ¢ and fg respectively under the assumption that X = R",
where n is a positive integer.

(2) Show that the map of X into R? given by
d: X >z (f(x),9(x)) € R?
Is continuous.

(3) Show the continuity of f 4 g and fg respectively under the assumption that X is a
topological space.

(4) Prove that A = {x € X; f(z) = g(x)} is a closed subset of the topological space X.

13



[ 3

C? D EEAERIEL u(x,t) WHFEA
ou 0*u

ot 92
EHRIT LT 5.

ERINTWZERET 5.

S () +0'() =0

AT ERE. EELE g T

(2) u(z,

lim zu(z,t) =

|x|—o00

EATZTEE, v(y) ITD2WT

v'(y) =
MDD I L ZRE
(3) i (2) DIED FT,

u(:c,t)—7
DL E v(y) &

uw(0,1) =1 Z A= u(x,t)

(—o <z <00, t>0)

ZOYEUTOMICER &
(1) u(z,t) R LOBEL oly) (72721 y =

T
—) ZHWT
JJ

v(=) (S)

T

(—o0 <y < o0)

1) B (S) PETHR SN, &5IC

B9 2 n 2T
. Ou B
0, |J:1\1£>noo %(1’ t)y=0
yo(y)

5 (—o0 <y < 00)

ZRD K.

14



Problem 3

Let u(x,t) be a real-valued C?-solution of the equation
ou  d%u
ot 02

Answer the following questions.

(—oo <z <00, t>0).

(1) Let v(y) (y = i) be a function over R. Assume that u(zx,t) is written as

Vit

u(z,t) = —v(—). (S)

<)
<

Show that v(y) satisfies

1

5 (0®) +" (@) =0 (—oo <y <o),

where ’ denotes the derivative in the variable y.

(2) Assume that u(z,t) is the solution in the form (S) and satisfies

lim zu(z,t) =0, lim 6)—u(x,t) =0.

|| — 00 |z|—o00 OX

Then show that v(y) satisfies

(—o0 <y < 00).

(3) Under the assumptions in (2), write down an explicit formula for the solution u(z,t)
satisfying u(0,1) = 1.

15



B 4
ROFIEEIEE P(0) 2F X 5.

E-ij(’f[ﬁ . 4ZL’1 +(—3+t9)$2 —|—7l’3

P(0) il T +8xy +2x3 < 5
211 —zy +3x3 < 8
r1, 22,3 > 0

£/, 6=0DLED P0) DAL (7,25, 23) £T5. UFOMIZEZ K.

(1) £E S22V TS DEED 2 o,y & 0<a <1 27T EEDER o TR L
Tar+(l—a)ye S &%d] L&, SEMEATHILERINDS. PH) OFE
TR A F, D% 0,

F = {(21, 79, 23) : 71 + 879 + 213 < 5, 221 — 29 + 323 < 8, 21 >0, 25 >0, 23 > 0}
PIMESDEHRET-T Z & 2 AT X,

(2) (a3, a5, x5) &R &.

(3) (z3,25,2%5) P PO) OEEETEH D K575 0 OHiPHZ KD XK.

16



Problem 4

For a linear programming problem P(6) parameterized by 6,

maximize : 4z; +(=3+0)zy +Tz;

P(0) subject to : 1 +8x9 +2x3
2%1 —T2 +3I3
X1, T2,T3

IV IA A

5
8
0,

let us use (x3, x5, 2%) to denote an optimal solution of P(0) for the case § = 0.

(1) A set S is defined as a convex set if axz + (1 — a)y € S holds for any z,y € S and
any « such that 0 < a < 1. Let us use F' to denote the feasible set of P(f), that is,

F ={(z1,29,23) : x1 + 8xy + 223 < 5, 201 — 29 + 323 < 8, 27 >0, 29 >0, x3 > 0}.

Verify that F' satisfies the above defintion.

(2) Compute (x7, x5, x3).

(3) Compute the range of 6 such that (z7, 25, %) is an optimal solution of P ().

17



B 5

FEEMEMELREZHDOES ¢ = {X|, Xy, ...} BEATD (i), (ii) 2#7z9 & Z, [ (1), (2)
BAK. 722U, PR, E 3MHMEZRL, X 1ZEBORMXME, PXHE, 5
X, BLUEhoDEm~ s REOHMEEGEZRTHDLT D,

(i) X1, Xo, ... D5 B, ZTOMEMPKE C IZAZEDDE%E N(C) £T5L,

C k
_ o €

P(N(C) = k) T

k=0,1,2,...

ZZIZC| RKH C DRT2KRT.

(ii) EEDERE n L AWICHER KR Cy, Oy, ..., C,, FEEEEE ky, ko, ..., ky 1TH)
LT,

P(N(C1) = ki, N(Cy) =k, ..., N(Cp) = ky)
— P(N(Cy) = k1) P(N(Cy) = ks) -+ P(N(C,) = k)
(1) 8 s € [0,1] EAERLKE C 12U T, E(sNO) = e 090 B> b %
~H.

(2) n ZAKBE LT, HNMIHRKTERBRKM O, C,, ..., C, EFEE 51, 5o, ...,
sn €10,1] ZHWT, B f 2L FCTEHRT 5.

Sis rel;, 1=1,2,...,n,

=11 el

DL E,

E( H f(Xj)) :exp{—/_ii(l — f(2)) dx}

XJ'E(I’

MR D LD Z L &R,
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Problem 5

In the following, P and E denote respectively the probability and its expectation, and the
word “interval” stands for an open interval, a closed interval, a half-open interval, or a
countable union of these on the real line. The set of real valued random variables & =
{X1, X5, ...} satisfies (i) and (ii) below.

(i) Let N(C) denote the number of X, Xs, ...whose values are in interval C. Then,

e IO
P(N(C):k:):emw, k=0,1,2,...,

where |C| denotes the length of interval C.

(ii) For any positive integer n, mutually disjoint intervals Cy, Cs, ..., C,, and nonneg-
ative integers ky, ko, ..., ky,

P(N(Cy) = ki, N(Co) =k, ..., N(C,) = ky)
=P(N(C1) = k1) P(N(Ca) = ko) - - P(N(Cp) = k).
Solve (1) and (2) below:

(1) Show that E(sV(©)) = e=(1=9)I¢ holds for real number s € [0,1] and bounded inter-
val C.

(2) Define the function f such that, for a positive integer n, mutually disjoint and
bounded intervals Cy, Cy, ..., C,, and real numbers s1, S, ..., s, € [0, 1],

Siy rel;y, 1=1,2,...,n,

Then, show that

o0

E(H f(Xj)> :exp{—/ (1- f(x)) dx}.

X;ed —©

19



[ 6

N(p,0?) 2 p, 78 o> DIEBIAA LTS, IRDET T U72D > THERZE (X, Xo)
PERINTNWE LT 5:

X, ~ N(0,6%), U~ N(0,1)
X, =8X,+U.
727U, X, L UIRMSITHY, BeR, 2 e RIZRHIISTIA—ZT, 02>0, |8 <1%

723 HDTHS. 728, X ~ N(0,0%) FMEREH X AN(0,0?) S ERINT VWS L
WO REKRTHS. 5, BUHME (X, Xo) 26 6, o2 ZHE L7720, IROMIZEZ K.

BB, W p e RY HEEESE Y € R (S RIEEMENTSIET5) O dIRTEER
ER A DRERBERRBPRATEZ 5N Z LIFAVWTRW:

1 1 Tw—1 d
o) =~ (- S e (@eR)

ZIZT, TERZ MUVBLXOTHOlREZRT.

(1) Xo DV & 43 kb k.

(2) Xo DHWA X, EHELVADITIE, 02 & f1F0® = Ly OBIREHIR S 2 TERL
FRN T LR

X, DFEHTH ).

(4) (X1, Xo) ORENAZERD &, 72721, RYEHEER X HFH p e RY, S 8HED
Y e R™ D dRTGLEEEERDMEIHR SR, HEFHITH A e R*IZH LT,
Y = AX I3V Ap, DL E ASAT O dIRGTEEEBERDAEI/KED 222 AW
TRV,

(5) B=1/2bhroTWVWaHEE, BIHHE (X, Xo) IZHEDWVWT o2 DEAHEERZ K
b XK.
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Problem 6

Let N(u,0?) be the normal distribution with mean g and variance 0. Suppose that a
pair of random variables (X1, X») is generated from the following model:

X, ~N(0,6%), U~ N(0,1)
X2 = BXI + U7

where X; and U are independently distributed, and 8 € R, % € R are unknown param-
eters satisfying 0® > 0, |3| < 1. Here, X ~ N(0,0?) means that a random variable X is
distributed from N(0,0%). We want to estimate 3, o2 based on the observation (Xi, X»).
Solve the following problems.

Remark: You may use the fact that the probability density function of the d-dimensional
multivariate normal distribution with mean g € R? and variance-covariance ¥ € R4*4
is given by

1

1 Tyl d
Pl B) = s e (sle-w=e-w)  @er),

where T means transpose.

(1) Derive the mean and variance of Xj.

2 _ 1 - : .
— 1—-532

(2) Prove that o —5 should be satisfied to ensure that the variance of Xj is same

as that of Xj.

(3) Derive the covariance E[(X] — 1) (X2 — p2)] of X7 and X, (here, p; and po are the
means of X; and X, respectively).

(4) Derive the joint distribution of (X1, X5). You may use the fact that if a Ré-valued
random variable X obeys the d-dimensional multivariate normal with mean pu € R?
and variance-covariance ¥ € R%“ the random variable Y = AX for an invertible
matrix A € R?? obeys the d-dimensional multivariate normal with mean Ap and
variance-covariance AX AT,

(5) Suppose that 8 = 1/2. Then, derive the maximum likelihood estimator of o2 based
on the observation (X, X»).

21



B 7

TNT7 77Xy b {ab} FOFFEEZEZS. GHEDXTI a = 1120 TonTony1 (7272
U z; € {a,b}) ITXHLT,

skip(a) = 21235 - - Ton—1T2n41

£9%. DD skip(a) & a2 SBBFEEHDOXF g (1 < i < n) ZHIERL 723CFFTH
5. BEELIZHLT

skip(L) = {8 | Ja € L (a \FHEE T skip(a) = 8)}
95,

(1) aa 721 ab T B L7tk % ZHT 2 P MARA — h < b > OREBEBHH %
5x k.

(2) 235 {(aa)"(bb)" | n € N} BEHTHRNWI & %, KUV U /M2 HWTRYE. =72
UNIZ0zEAZERBRKROES {0,1,2,..} TH 5.

RYEVTHE SEXDPERTHLILSIE, XIZTHUTLA IO 223 BHR
Bp (RVEVIE) DMFEHET 5.

Vol (o€ X 1o Jo] 2 p) w5
Ja, 36, EI’y(a = afBy, [aB| < p, 18] >0, B2 (¥n € N)(af™ € X))]
U |o| BXFF o DRI TH 5.
(3) Ly \ZIEH TR WA skip(Ly) X EHIZ 72 5 558 Ly O BEARH1 % RE.
(4) —MRIZEFE L BIER7Z 51 skip(L) HEMTH 5 Z & ZFEHE XK.
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Problem 7

Consider languages over the alphabet {a,b}. For a string a = x1xg- - X9,2o,11 (7; €

{a,b}) of odd length, define
skip(a) = 21235 - - - Ton—1T2p41-

skip(«) is obtained by deleting the symbols z5; (1 < i < n) with even indices from «.
For a language L, define

skip(L) = {f | Ja € L (the length of « is odd and skip(a) = 5)}.

(1) Give the transition diagram of a deterministic finite automaton accepting all strings
ending in aa or ab.

(2) Prove, by using the pumping lemma, that the language {(aa)™(bb)" | n € N} is not
regular, where N is the set of natural numbers including 0, i.e., {0,1,2,...}.

Pumping Lemma: If X is a regular language, then there is a natural number p
(the pumping length) satisfying the following condition:

VU[(J € X and |o| > p) imply
30,38, 37(0 — By, |aB] < p, 18] > 0, and (¥n € N)(af™y € X))}
where |o| is the length of a string o.

(3) Give a language Ly such that L; is not regular, but skip(L;) is regular.

(4) Prove that if a language L is regular, then skip(L) is regular.

23



[ 8

BAE 20K (AR TIRBIZAREIER) Offi & BEDS tree_t BIDfEE LTEI N, IRD KD
REBRIZE > THEREZBLIZIENTEEZLDETE. ZELIRTOHiIEbE>E 2D
DF%2FL, X1 OD0BEEZ2E >0 T 5.

int is_leaf(tree_t t) tAEDHZEIZL, HIDLEIZ0%2KRT
tree_t 1ft(tree_t t) tAHDHGEIZEDTZ2IKT
tree_t rgt(tree_t t) tBHIDHHIZHD T%2IKT
int val(tree_t t) t DEDLGEIZR > TWAEBEBEZ IR T

(1) t PO ENIEORMNEX2 DL EIZT 1, TS5 TRHRVE ZIZ0 2T EK
at_most_two(t) ZEHEH L.

(2) t DO ENDIEDENETHE L0 RKDOEEZ T RTHREL. E2 O, fiz
e THRIHDLT S,

(3) t MO ENIEDRMNEA3 DL EIZ 1, TS5TRHRVE ZIZ0 2T EK
at_most_three(t) ZE &Y K.

(4) 757 ENBEORE KD BB Leaves (t) % FRITH L 2\ TEHEE L.

(5) leaves(t) ZHIRITH L ZHWTIZERE L. 7L, Fa— (FbTH) 771
DHEINTHY, ROKIBEBUIZ L > THRIEST S Z LA TES.

void reset() Fa—%%IZT5

void enqueue(tree_t t) tZF¥a—DKREITEMT S

int is_empty() Fa—NEDELE], Z5TRVWEE0ZRT
tree_t dequeue() ¥ o —DIEFHERZ D FRNTIRY

GE) BEIEUT Java, C, C++, Clf, Scala WINLDZFED AV v NE/2IEBEE LTE.
XIEDFR D 1F, BRENE U R WEPH T H IR L 2.
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Problem 8

Consider a rooted binary tree (hereafter called a tree) whose nodes and leaves are rep-
resented as values of datatype tree_t. The following functions provide information of
nodes and leaves. Note that every node has exactly two children, and that every leaf has
one integer value.

int is_leaf(tree_t t) returns 1 when t is a leaf; returns 0 otherwise
tree_t 1ft(tree_t t)  returns the left child when t is a node
tree_t rgt(tree_t t)  returns the right child when t is a node

int val(tree_t t) returns the integer value in t when t is a leaf

(1) Define a function at_most_two(t) that returns 1 when at most two leaves are reach-
able from t. Otherwise, it returns 0.

(2) Draw all possible shapes of trees that have exactly three leaves reachable from t.
Leaves and nodes should be denoted by () and e | respectively.

(3) Define a function at_most_three(t) that returns 1 when at most three leaves are
reachable from t. Otherwise, it returns 0.

(4) Define a function leaves(t) that returns the number of leaves reachable from t.
The function must be defined by using recursive calls.

(5) Define leaves(t) without using recursive calls. You can assume that there is one
and only one queue, which is manipulated through the following functions.

void reset() makes the queue empty

void enqueue(tree_t t) adds t to the end of the queue

int is_empty() returns 1 when the queue is empty; otherwise 0
tree_t dequeue() removes and returns the first element in the queue

(Note) Functions must be written as functions or methods in Java, C, C+4, Cf or Scala.
Points are not taken off by syntactic errors as long as they do not cause misunderstanding.
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Problem 9

(1)

(2)

Describe the difference between an assembly language and a machine language. (ap-
proximately three lines)

A C compiler generates native code, while a Java byte-code compiler generates
virtual machine code. Explain the technical difference between native-code execution
and byte-code execution, and discuss the advantages and the disadvantages of the
use of virtual machine code. (approximately 10 lines)

One of the important roles of the operating system is provision of abstraction layer
of the underlying hardware resource. Give three examples of such abstraction mech-
anisms. For each, describe the hardware resource, and explain how the abstract view
of its functionality is established by the operating system. (approximately 10 lines
in total)
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