EMREB (45D 31 K&

38 - SHERZE B RO BE 304 — R LBS
Mathematical and Computing Science Time 9:30AM — 1:00PM
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1. A HMB, MC &b 2z ERNUMEE L.

2. M1~f9 &b 3MZFERUMEL K.

3. BRI N MR A B CTHRE UG E I BRAI AR VWAL S 5.

4. IRTCOMERARICBTRHER S S LOZHMES 2 AT L.

5. I 1R Z & 1 MOMEFHMKIZEEAR K.

6. FREAMOEmZMAL CEMOR WD, TOEEIIRIZ THEAHL ] FORR%E
FENWTEL L.

Instruction

1. Solve 2 problems out of Problems A, B, and C.
2. Solve 3 problems out of Problems 1 to 9.

3. Note that if you solved more problems than specified above, problems you solved might
not be scored.

4. Write the problem number and your examinee number in each answer sheet.

5. Use one answer sheet per problem.

6. You may use the other side of the answer sheet, but in that case you should indicate
that, for example, by writing “continue to the other side.”
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%, )\1,)\2, .. .,)\n b){%flj—/\%%{q:%*&)i



Problem A

Let n be an integer greater than or equal to 2. Assume that an nxn real symmetric matrix
A € R™" has distinct eigenvalues, A\; > Ao > --- > \,,. Define x; € R" as an eigenvector
corresponding to the eigenvalue \;, where the Euclidean norms of @y, @,, ..., x, are one.
Answer the following questions.

(1) Show that «; and x; are orthogonal for i # j.

(2) For the n x n null matrix O € R"*™, let us define a 2nx2n real symmetric matrix B

by
O A
B = )
(% o)
Find a set of 2n eigenvectors of B so that the Euclidean norm of each eigenvector is
one and different eigenvectors are orthogonal to each other.

(3) Find the minimum number of distinct eigenvalues of B. In addition, determine the
condition that Ai, Ao, ..., A\, should satisfy when the number of distinct eigenvalues
of B is minimum.
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Problem B

o0
T
Answer the following questions. Here the fact that / e T dr = % can be used without
0

the proof, if necessary.

(1) Show that the improper integral / e "2° 'dx converges for s > 0.
0

(2) Define the gamma function I'(s) by I'(s) = / e “x*'dr for s > 0. Show that
0
I'(s+ 1) = sI'(s) holds.

3 3
(3) Derive I <§>, namely, the value of the gamma function I'(s) at s = 3
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Bcgl d[o],d1],...,dn—1] (IZiE nfHDOHE LR ZBEBFAIETA-TWE T 5. =4
BRT7NL T XL %2R U7k O#EH{L 2 — K % BinSearch & .3,

def search(k, a, b) #a=1i=b»Ddli]l =k &4d5izKT.
# TDXS7% 1 BMOGEIE -1 2IRT .

i=a+ ((b-2a /2 #¥%
if (d[i] == k)
return i
else if ((k < d[i]) && (a < 1))
return search(k, a, i-1)
else if ((d[i] < k) && (i < b))
return search(k, i+1, b)
else
return -1
end
end

72720 Yo OfTHO / 30T TREZ RO IERTH S, GRAONTHBE LI LT
search(k,0,n—1) 2735 &, dli]l =k &R 2 i PEFEAETELEIXTD i BKI N,
FHELBRWEEIX -1 PRI NS, search(k,0,n—1) DEFEDOF T Y5 DIFNREFIN
HAREE (DX D search WIFOH I NBHRMEE) % steps(k,n) L KilT 5. 7z& X
5 d A {30,50F D& Z steps(30,2) =1 THH (7RE74 5 search(30,0,1) 72T HIEUH
IND) steps(40,2) =2 TH B (7275 search(40,0,1) & search(40,1,1) AIEL
X4 5) . max.steps(n) = maxyez(steps(k,n)) LEHZT 5. ZNEZIDOTNTY XLT
nHOEZDHFN SREE T DDA T v T TH 5. max.steps(n) DAL n 12721
7L T dlo],dl1],...,d[n—11 DEIZIFMKA L 0.

(1) max_steps(15) DfE % &HJ.
(2) ¥ DITORAX %
i=a+((b-2a /1

(ZNE 1 := bIZHFELW) ITEH U3 — F % UniSearch & I-.5. UniSearch
IZB 1T 5 max_steps(10) DfEZ FHlF. X 51ZHgsd 2 {0,2,4,6,8,10,12,14,16,18}
D& E, steps(k,10) = max_steps(10) £ 725 k Dfd%z O & DF .

(3) Y DITO/AL %
i:=a+ ((b-a / 10)

228 U 728l 2 — K % DecSearch & .5, DecSearch (251} % max_steps(10) D
fEz2FET. IO AP LG ERU & &, steps(k, 10) = max_steps(10) &£ 725 k D
iz O & DFIT.

(4) 3 DD bin, uni, dec ZIRD X S IZEHKT 5.

CRR—=I A5 <)



(n) = BinSearch (21} % max_steps(n).
uni(n) = UniSearch (25 1) % max_steps(n).
dec(n) = DecSearch (231} 5 max_steps(n).

INSZNENOREE A — X —FE O() TRYE. & 51220 % Kb 7 KL% i
B &

bin(n

5) kD [A][B] [Cl It ABIEELWEEMZ TEDHEIZAZ W] TEDHEUT/NE W] TE

HELW] OHFPSENTNENR,
e bin(n) DA — &' —I% uni(n )0)7T—§?“—— LA ]
e bin(n) O % — X —i& dec(n) D X —
e uni(n) DA — X —IL dec(n) D R—

HH



Problem C

Assume that the array d[0],d[1],...,d[n—1] contains n distinct integers in ascending
order. The following pseudo-code, which describes the binary search algorithm, is called
BinSearch.

def search(k, a, b) # returns i such that a = i = b and d[i]=k.
# returns -1 if there is no such i.

i=a+ ((d-2a /2 #%
if (d[i] == k)
return i
else if ((k < d[i]) && (a < 1))
return search(k, a, i-1)
else if ((d[i] < k) && (i < b))
return search(k, i+1, b)
else
return -1
end
end
Note that the symbol / in the statement Y¢ denotes the operator to divide and round
down. Given an integer k, the execution of search(k,0,n—1) gives the integer ¢ such that
d[i] = k if such 7 exists; otherwise it gives —1. By steps(k,n), we mean the total number
of executions of the statement ¥¢ during the invocation of search (k,0,n—1) (i.e., the total
number of calls to search). For example, if the array d is {30,50}, then steps(30,2) = 1
(because only search(30,0,1) is invoked) and steps(40, 2) = 2 (because search(40,0,1)
and search(40,1,1) are invoked). We define max_steps(n) = maxycz(steps(k,n)), that
is, the worst-case number of steps for searching among n elements by this algorithm.
The value of max_steps(n) depends only on n and does not depend on the values of

a[01,d[1],...,d[n—11.
(1) Find the value of max_steps(15).

(2) Let UniSearch be the pseudo-code which is obtained by replacing the statement y¢
with

i:=a+ ((b-a) /1)

(this statement is equivalent to i := b). Find the value of max_steps(10) for
UniSearch. Additionally, suppose the array d is {0,2,4,6,8,10,12,14,16,18};
then find an integer k such that steps(k, 10) = max_steps(10).

(3) Let DecSearch be the pseudo-code which is obtained by replacing the statement
with

i:=a+ ((b-a)/ 10).

Find the value of max_steps(10) for DecSearch. Additionally, find an integer k such
that steps(k, 10) = max_steps(10) provided that the array d is the same as above.

(4) Define three functions bin, uni, and dec as follows.

(Continued on the next page)



bin(n) = max_steps(n) for BinSearch.
uni(n) = max_steps(n) for UniSearch.
dec(n) = max_steps(n) for DecSearch.

Write the order of each function using the O(-) notation, and explain briefly the
reason for your answer.

(5) Consider the following sentences.

e The order of bin(n) is the order of uni(n).
e The order of bin(n) is the order of dec(n).
e The order of uni(n) is the order of dec(n).

Fill in the blanks , , and with appropriate phrases given below.

e strictly greater than
e strictly less than

e equal to

10
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BRBURDEAER R={z +yvV-3; z,y € Z} IZTDWVWTLATFDOMWIZH A K.
(1) R O (Bt B VWD) 2 TRTRD K.

(2) BT &
7=(2+v-3)(2—-+V-3)

DEIIZE R DAL THRW2 DDILOBIZNRETE S, FARKIZER 13 28 R D
AL TRW 2 DD ILORIZHfRE L.

(3) T p MBR R DHHIL TRV 2 DDILDOMBICHIRTE 270 01K, 5 v,y € Z W7
ELTp=a?+3y* LEIFBI L ERYE.

11



Problem 1

Consider R = {x+y+/—3; x,y € Z}, which is a subring of the field of complex numbers.
Answer the following questions.

(1) Determine all invertible elements of R.
(2) Note that the prime number 7 can be decomposed into a product of two non-invertible

elements of R:
7= (24 VT3)2 - V3).

Similarly, express the prime number 13 as a product of two non-invertible elements

of R.

(3) Show that if a prime number p is a product of two non-invertible elements of R, then
there exist x,y € Z such that p = 22 + 3y°.

12
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11 —2 Yy FEMR EOBEFEOMHEUIZH L, R EOWMSESHEU %
U ={G CR; R\ GMNMHZER (R,U)IZBIFDa 7 MES L U{D, R}

TEDD., =L 0IFERESE2RT. ZOLXUTOMWICEZ L. BELRSIFI—72
Uy RZEE (R, U) 2B 5382 MESOEIEEZ R LICHNT LW,

(1) U* IFBHESRE UTR LIZhMHZED B Z & %2 RE.

(2) R OEAES G IZBT 3O MiEE R,
G DMAHZER (R, U*) DBEETH 574 61X G IAAMAHZER (R, U) DFELETH 5.
F7z, WHBRALT B0E2MEHE DI TR X,

(3) MitHZEM (R, U*) D3INT A RV 7= TH B nEZ Ml %2 DI TR R XK.
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Problem 2

Let U be the usual topology for the 1-dimensional Fuclidean space R. Let
U*={G CR; R\ G is a compact set in the topological space (R,U)} U {0, R}

be a family of subsets of R, where ) is the empty set. Answer the following questions. If
necessary, properties of compact sets in the Euclidean space (R,U) can be used without
proofs.

(1) Show that U* gives a topology of R, as a family of open sets.

(2) Let G be a subset of R. Show the following proposition:
If G is an open set in (R,U*), then G is an open set in (R, U).

In addition, determine and explain whether the converse is true or false.

(3) Determine and explain whether (R,*) is a Hausdorff space or not.

14



@ 3
X [0, 1] Lo FEEE HG B A 2k D 72 3 RIE 420 C[0, 1] 12/ LT, /b4
]} = max{[z(¢)|; 0 <t <1}
BEAUZ/VAZERE X LBE, X OMWMA%ERY %
Y = {x € C'0,1]; z(0) =0}
LEDBD. t#bCWmﬂimuL@1%@%%%%ﬂ%@%ﬁ@%ﬁé%%%?.i

7-VEAZT p
ua

T: x+— Tr=— o
TEDD., Z0&E, LFOMWIZEZ L.
(1) TIEY 25 X ANDEAD 1N 1 OMBIEHEZEL 25 2 L2 RE.
(2) BEHAZT ' B X 25 Y ~DEFGEHZETH S Z & 2RE.

(3) TIXY 7o X ~NOREFIEAEHRIZZ o0 I & &Rt
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Problem 3

Let X be a normed space of real continuous functions over the interval [0, 1] with the
norm

2]l = max{|z(t)|; 0 <t <1},
and let Y be a subspace of X defined by
Y = {x € C*0,1]; z(0) =0}.

Here C'[0,1] denotes the set of real continuously differentiable functions over [0, 1].
Consider an operator T' defined by

T: z— Tr= %
Answer the following questions.
(1) Show that 7" is a one to one and onto linear operator from Y to X.
(2) Show that the inverse operator T~ is a bounded linear operator from X to Y.

(3) Show that T is not a bounded linear operator from Y to X.

16
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72720, POEKIZxcR" THYH, AMIFAcR™ beR",ccR" TH5H. £/,
EMNERATE T IR MVEZIFTHIOIREZRL, £ >0 1FXT MLz OFEFEN
JEEATHDZ L ERT.

(1) P ORHRIE D 2F T, 727ZL, D DEHIX y e R™ LT 5.

(2) P & DWEFTHETHLLIVEL, 2 £ g 2ZNTh P & D OEFIREME T
5. Z0rE, Tz <bly kat. (DD, FIHEHERE.)

(3) LFOASI DL ED P O iefif & Feidfh % Rk X.

11 8 4 9
A_<4—3 —2 —3)’ _(8)’ €=

— W N Ot
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Problem 4

Consider a linear programming problem P defined by:

maximize : c'x
P : subjectto : Ax < b
x > 0.

In P, the variable vector is £ € R" and the input data are A € R™*" b € R™, and
c € R". The superscript T" denotes the transpose of a vector or a matrix, and & > 0
indicates that each element of @ is nonnegative.

(1) Let D be the dual problem of P. Write down D using y € R™ as its variable vector.

(2) Assume that P and D are feasible. Let & and gy be feasible solutions of P and D,
respectively. Prove the inequality ¢’z < b'7y. (In other words, prove the weak
duality theorem.)

(3) Assume that the input data of P are given as follows:

11 8 4 9
A_<4—3 —2 —3)’ b_(s)’ “=

Compute an optimal solution and the optimal value of P.

— W N Ot

18



M 5

pBZEDER, f% fz)=0(x<0) 2~ R LOMEREEEKE LT, RO2O0D
@ (A), (B) %% 5.
(A) f(z) =pe™ (z > 0).

)

(B) X ZHkRBERM f 25 OHRERL TS, ZDLE, g(0)=0 %=L, [0,00) E
T D KA N A B> FT B 2 AT R D FEBUBBIEL g 12 LT, E[lg(X)|] < oo
MO E[|¢(X)]] < oo THNIX

Elg'(X)] = pE[g(X)]
MK DLD. ZZTE IRARMERERL, ¢ 1% g OEEBMERT.
(1) (A) 25X (B) VLD I &2 mE.

(2) B% g ZIRD LS IZED B LITE>T (B) oI (A) DD Z & Z2RE.

0, r < a,

T—a
h J

1, T >a-+h.

ERIZEA7Za>0,h>0I1ZX LT g(x) =

a<z<a-+h,
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Problem 5

Let p denote a positive real number and let f denote a probability density function on
R satistying f(z) = 0 for z < 0. Consider the following two propositions (A) and (B).

(A) f(z) = pe * for x > 0.

(B) Let X denote a random variable with the probability density function f. For any real-

valued function g with ¢g(0) = 0 such that it is continuous and piecewise continuously
differentiable on [0, 00), it holds that

Elg'(X)] = nE[g(X)],

provided that E[|g(X)|] < oo and E[|¢'(X)|] < co. Here, E represents the expectation
and ¢’ denotes the derivative of g.

(1) Derive (B) from (A).

(2) Derive (A) from (B) by determining the function g as follows.

0, r < a,
For any given a > 0, h > 0, g(z) = x;a, a<z<a+h,
1, T >a+h.

20
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X [0,0] EO—# kDA S n HOT—X X1, X,,..., X, DI/ SENTNS.
X1, X0,... . X, DObLORAMEE Z KT E, LFOMIZEZ L.

(1) T—REy b X1, Xy,...,. X, T 20 DREEEZ K.
(2) 0 DEIIHEERT, KD K.

(3) T,, DHIFEE, BXC, HEzERD k.

(4)

HO<P<L 0<y<1LIEEXAL, Pr(0<T,<b) =0, Pr(c<T, <0)=~ 725
bel0,0], cel0,0] kKD XK.

(5) 0 << 1IZHU, 0D 100(1 — ) NAGHEARXE [k T, koT,,] ZFKET D ko — ky DY/
285 KDk, ky ZED K.

H?‘
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Problem 6

Let X;, X5, ..., X, be n data independently sampled from the uniform distribution on
[0,0]. We denote the maximum value of X7, Xs,..., X, by Z.

(1) Answer the likelihood of @ for the data set X, Xs, ..., X,,.
(2) Find the maximum likelihood estimator 7, of 6.
(3) Compute the expectation and variance of T,.
(4)

4) For0 < g <land 0 <~ <1, find b € [0,0] and ¢ € [0,6] such that Pr(0 < T, <
b) = and Pr(c < T,, < 6) = v hold.

(5) For 0 < a < 1, we construct a 100(1 — «)% confidence interval [kiT,,, koT),] of 0.
Determine k; and ks so that ky — &y is minimized.

22



&7
TINVT7 7Ry h&{0,1} &L, —“DODFGE
Ly = {w | w a3 55 01 & 00 Z[F UHEBED }
Ly = {w | w &2 355 01 & 10 Z [F UEEE D }
EEADL. HIAE,
5, =00011 101 %12 00%2208LDTs, &L, THA.
So=0100 1L 01 £ 00 21 DI DELDTs, € Ly TH 5.
¢ 5 1Z01Z1DBLN 1021 D2E8FERVDTs €L, THD.
05,1301 21021 DT DELDTsy€ Ly, THD.
RORFINIZEZ K.

(1) SEB LT ERTH20ED. ERTHLE00E, Sik L, 238#d 2 AR A —
bvbywﬁﬁggmainéﬁx,Eﬁfamabu,i%mbmﬁfam_t
ERVEVIHE (E 2) #HWTHEHYE X.

(2) B L, RIEMTHB0ED. (1) L ARICER X

F 1 REEBK

UFRIE, 777Xy bW {a b} THEES%FEE {w]| wld abb THKDS } ’Emn‘ﬂﬁ_
LIREWARA— b~ b OREBEBXOHITH S, FIHIRIEIL ¢, ZHRER ¢4 T
H5.

X2 RVEVIHE
Sk L PIEBEFETHD L E, UTFDES5%5 8 p (FVEVITE) BEFEET 5:
S |s|>p THEEI7 L DIEREDOXFHITHELE, s FIRDFEM%HT-
TRIIZ 3 DD s =ayz ITHEITES:
1. £2Di>01Z LT ay'ze L
2. ly| >0
3. |zy| <p

72720, |s| EXFH] s DEIZRDL, ¢ i3y &2 i FEFELZHDERDT. 0 132
H e (3(%5\2 1 D2HEERVTS) &5,
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Problem 7

Let the alphabet be {0,1}. Consider the following two languages.
L = {w | w includes the same number of substrings 01 and 00}.
Ly = {w | w includes the same number of substrings 01 and 10}.
For example,
e 51 = 00011 includes one 01 and two 00’s, so s; & L.
e 55, = 0100 includes one 01 and one 00, so sy € Lj.
e 51 includes one 01 but no 10, so s; & Ls.
e 35 includes one 01 and one 10, so sy € Lo.
Answer the following questions.

(1) Is the language L; regular, or not? If it is regular, give a state transition diagram of
a deterministic finite automaton (Note 1) that recognizes it. If not, prove this fact
by using the pumping lemma (Note 2).

(2) Is the language Lo regular, or not? Answer this in a similar way to (1).

Note 1: State transition diagram

The following diagram is an example of a state transition diagram of a deterministic
finite automaton that recognizes the language {w | w ends with abb} where the alphabet
is {a,b}. The start state is ¢;, and an accept state is q4.

b
A
< a

Note 2: The pumping lemma
If L is a regular language, then there exists a number p (the pumping length) such that

if s is any string in L such that |s| > p, then s can be divided into three pieces,
s = xyz, satisfying the following conditions:

1. for each i > 0, zy'z € L,
2. |y| > 0, and
3. Jzyl < p,

where |s| represents the length of the string s, y* means that i copies of y are concatenated
together, and y° equals the empty string ¢ (the string with length zero).

24
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B ay,a0,...,a, ZASTTE L, TOEZ 1L OGS 2B a,, asyq,...,a; DI
DK% I & T HEAEHEED 7L TV XL A 2K L2V,

(1) MiBHBIEL f %
f(0) := —o0

‘= Ima 1<t <
1<52(t‘z:aaC7 _t_n

£IT2LE, fm+1) % f(m) ZHWTRYE. 22T, miEd0<m<n-1
i"{%f_@" 3 Qi I

(2) (1) TRUZZBRRZ2 HWZBINEHEED 7L T XL A Z#{El0 — N 2 W TRE.

(3) (2) TRLZT LT Y R LDEBEER %+ — X —70E 0() 2 AWTRE. =20,
BT HI B & B R T TE B DL T B,

é&ﬁ” ai,as,...,0y %)\jj k l/ max1<s<u<w<t<n {(Zz:s CLm) + (Ztm:w (lm)} %Hjjj tj—é
FNEtEED 7L T AL B &2 #&F L7z,

(4) HHBOBEEL f, g, h %
f(0) := —o0, g(0) := —o0, h(0) := —oo0, h(1) := —o0,

Tr=s

g(t) == max Zax, 1<t<n

1<s<u<t

u t
h(t) := L mex { (Z a$> + (Z am> } ) 2<t<n

CERTDEE, f(m+1), glm+1), h(m+1), f(m), g(m), h(m) DENZD LD,
FEHETEDO TV T XL B %2 #%EH T 5 72D B EBRAE TRTRE., 22T,
mido<m<n-—1 %938 KLd5.
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Problem 8

We consider a dynamic programming algorithm A that takes a sequence a4, . .., a,, of num-
bers as an input and outputs the largest sum of a contiguous subsequence ag, asi1, ..., a;
of length at least one.

(1) Let us define an auxiliary function f by

f(0) := =00
¢
f(t) :%géZax, 1<t<n

Show a representation of f(m + 1) by using f(m) where m is an integer satisfying
0<m<n-—1.

(2) Show pseudo-code of the dynamic programming algorithm A using the formula ob-
tained in (1).

(3) Show the time-complexity of the algorithm shown in (2) by using the O(-) notation.
We assume that the arithmetic operations and the comparison operations of numbers
take constant time.

We consider a dynamic programming algorithm B that takes a sequence aq,...,a, of
numbers as an input and outputs max<s<y<w<t<n {(ZZ:S a;) + (Zt a )}

r=w T

(4) Let us define auxiliary functions f, g and h by

f(0) := —o0, g(0) := —o0, h(0) := —oo0, h(1) := —o0,

t
= <t <
f(£) = max Zaw, 1<t<n

g(t) := max Zax, 1<t<n

1<s<u<t

u t
h(t) := L mex { (Z ax> + (Z am> } , 2<t<n.

Show all required formulas among f(m + 1),g(m + 1), h(m + 1), f(m), g(m) and
h(m) for designing the dynamic programming algorithm B where m is an integer
satisfying 0 < m <n — 1.
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BEPAND ) — RIFET2o00F 2L, FIZIXEOBEMEMBE b Y To5NTWS oK
WOWTHUTROMWIZEZ K. ZAaKICET2ERIE —FDID 25[#& 5L FDE
BTHEZIZBDLTSH. 72720 ID IFHFEADEKTHS. IETIXIDA2iTHD/ — %
[V—Fi)l, /J—FRiZzleTiR%E TRi] LIEXR,
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def tr(i)
if V(i) == -1
tr(L(i))
tr(R(1))
else
print V(i)
end
end
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Problem 9

Answer the following questions about binary trees, each of whose non-leaf nodes has two

children, and each of whose leaf nodes is associated with a positive integer value. The

following functions, which take a node ID as an argument, provide information of binary
trees. Every node ID is a non-negative integer. We hereafter refer to a node that has ID
1 as “node 7”7, and a tree whose root node has ID i as “tree 7.

(1)

L(7) When node i is not a leaf node, it returns the ID of the left child node
of the node 1.

R(7) When node 7 is not a leaf node, it returns the ID of the right child node
of the node 1.

V(i) When node i is a leaf node, it returns the associated value. Otherwise,
it returns —1.

Write pseudo-code of a recursive function eq(i,j) that returns equality of tree ¢ and
tree j as true or false. Trees ¢ and j are equal when they have the same node
arrangements, and each pair of leaves at the same position is associated with the
same value.

The following pseudo-code tr(z) prints the associated values of the leaves in tree @
in the left-to-right order, and terminates normally. Rewrite the function using one or
more while statements, without using recursion.

def tr(i)
if V(i) == -1
tr(L(i))
tr(R(1))
else
print V(i)
end
end

You may use a stack of integer values by calling the following functions. There is
only one stack, which is initially empty.

E()  When the stack is empty, it returns true. Otherwise, it returns false.
U(v) It pushes an integer value v to the stack.
0() It removes an integer value v from the stack, and returns v.

Rewrite the function eq(7,7) using one or more while statements, without using
recursion. You may use the stack introduced above.
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