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Instruction

. Solve 2 problems out of Problems A, B, and C.
. Solve 3 problems out of Problems 1 to 9.

. Note that if you solved more problems than specified above, problems you solved might
not be scored.

. Write the problem number and your examinee number in each answer sheet.

. Use one answer sheet per problem.

. You may use the other side of the answer sheet, but in that case you should indicate

that, for example, by writing “continue to the other side.”
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M A

nxnFTHI P L QI LT, BEEL (rank) ICBIT 2T D (A) 225 (C) DEFHRIcDWT
EZ5 (n>1). %EL, R 31 ROWETIHEZELT LT 5.

(A) rank[P + Q] = n.

:’)’L-

(B) rank { g ]

(C) rank[Q"P + P'Q] = n.
DIMDRICEZ X,

(1) (A) DR D DR 51, (B) bD DI EERE,

(2) (C) B D T2 51F, (B) bKD& %R,

(3) (C) D IZL-TH, (A) DY I wflZn =21 L T—2HIF k.
(4) (A)7 %

A) DK D - TYH, (C)DED Tz P QML bITHEFETIHDHZ n =21
HLT—2HIT k.
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Problem A

Let P and @ be n X n real matrices, and consider the following equalities from (A) to
(C) concerning matrix ranks (n > 1). Here, R' stands for the transpose of the matrix

R.

(A) rank[P + Q] = n.

=n.

(B) rank { g ]

(C) rank[Q" P + P'Q] = n.

Answer the following questions.

(1) Show that if (A) is satisfied, then (B) is also satisfied.

(2) Show that if (C) is satisfied, then (B) is also satisfied.

(3) Give an example for n = 2 such that (C) is satisfied, but (A) is not satisfied.
(4)

4) Give an example with non-zero matrices P and @ for n = 2 such that (A) is satisfied,
but (C) is not satisfied.
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Problem B

Consider a function f(z) (—1 <z < 1). Answer the following questions.

:1+a:3

(1) Consider the power series for f(x) centered at x =0

Find the value of a,, for each n =10,1,2,....

1/2
(2) Find the nearest integer of the value of the integral 100 / f(z)dx.
0
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0,1} EOGEBISN, A, Vv, S DEFERZ T D & JIcE < (NIZEE, A X,
VIZHREATH ) .

z]yllany|avy ]Sy |
Lz | N(2) ofof o 0 1
of 1 o[t o 1 1
1 o 10| o 1 1
1|1 1 1 0
—RRCBIRL f ZBIEL fo, fo, o o BV CERLO, 1 BEEDTIC) ERTEBLEE, FI
{Fis for oo Ju} EEABTH 2 59, 2L 2 S(2,y) = N(zAy) DT, SIE{N,A,V}

EFRAHETH 5.
(1) N, A, VDSZNZN{S} ERATETH 5 2 £ ZRE,
(2) LT OBIE p 23 (N, A, V} ERVBETH 5 2 & Z2RE,

L2y =] plr,y2) ]|
0/01]0 0
07011 1
0[1]0 1
0111 0
11010 0
1101 0
11110 0
1111 1

RIZ{0, 1} IS =D w 2 INA, 5 DDRE%

N, No,N; : {0,1,w} — {0,1,w},

AV {0,1,w) — {0, 1, w}
ZRR=YDEICEDD (N, A, VIE, {01} Eozhsz THEICOEDTH wdid
LA w 2T LRI TETIRL 72D TH ) |

(RR=IAEL)
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Problem C

We write the truth tables for the Boolean functions N, A, V and S on {0, 1} as follows
(N is negation, A is conjunction and V is disjunction).

e yflany[avy[S(ey |
Lz || N(z) 0[0] 0 0 1
0 1 01 0 1 1
1 0 110 0 1 1
111 1 1 0

We say that a function f is {f1, f2,..., fn}-definable if f can be defined by using only
the functions fi, fo,..., fn (but not using constant 0 or 1). For example, S is {N, A, V}-
definable because S(z,y) = N(x A y).

(1) Show that N, A and V are {S}-definable, respectively.

(2) Show that the following function p is {N, A, V}-definable.
[z ]y ]z ] py2)]

0[01]0 0
0[0]1 1
0]1]0 1
011 0
1101]0 0
1101 0
1111]0 0
1111 1

We next add a third value w to {0, 1}, and define five functions

N, No,N; : {0,1,w} — {0,1,w}, and
AV 0,1, w}2 — {0,1,w}

as shown on the next page. Note that N, A and V are extensions of those on {0,1} such
that the function returns w if at least one of the arguments is w.

(Continued on the next page)
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2y [zrylavy]
010 0 0
0|1 0 1
’ H N(z) ‘ No(z) ‘ N;(z) ‘ 0| w w w
1 1 1 110 0 1
1 0 0 0 111 1 1
w w 0 1 1 |w w w
w0 w w
w1 w w
w | w w w

(3) Show that the following functions C; and C, are {N, Ng, Ny, A, V}-definable, respec-
tively.

EAGIAE)
0
1
0

1
w

0
0
1

(4) Show that the following function ¢ is {N, Ng, Ny, A, V}-definable.

2]y [a@y)
01]0 1
011 0
0w 1
110 0
1|1 0
1w 0
w |0 0
w| 1 1
w | w 0

11
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DToMIcEz X,
(1) % a =385 L b=ATIZDWVT, 1=ar+by &% % (v,y) € Z* & 1flKD X,

(2) A= Z[X] ZBBURB EHLHEARLE T 5. ADPHIEA 770V, (PID) TH 5
DEIDFRL. PID THEHEAED, 2IH)THVLEADL, ZOiHET2 L,

B) ADATTNI =2, X+ X +1)%2EZ 5. HER A/l OOz E (A4/1 5
WREGDBAIZZIEADI L) .

(7F) WHABR ADSPID TH 5 L, DUTD 254232 2\,
o AFFEBRTRL, 6l a,ye ADPHITIER LD & & oy bIEFILICK S,

o ADIEEDATTNJIZOWT, Hbac AVBFIEL, J=(a) L7553,
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Problem 1

Answer the following questions.

(1) For integers a = 385 and b = 47, find a pair of integers (x,y) € Z? such that
1 =ax+ by.

(2) Let A = Z[X] be a univariate polynomial ring with integer coefficients. Determine
whether A is a principal ideal domain (PID) or not. In either case, give a proof.

(3) Let I = (2,X?+ X + 1) be an ideal of A. Determine the number of elements of the
quotient ring A/I. If A/I is an infinite set, answer as it is.

(Note) A commutative ring A is a PID if the following two conditions are satisfied.
e A is not a zero ring and xy is non-zero whenever x and y are both non-zero.

e For any ideal J of A, there exists a € A such that J = (a).

13
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X XY %2002 TR \WAMHZER XY OERBMVHZEHRE L, {Usler 2 A Z2IHAT5E

HETEZX XY OB LT 5. UTOMICEZ L.
(1) X xY OEREMHOERZ BN X,

(2) X xY D32V R7 b 56 X Bav s b Ths ki, Ay MEOEREE

WOR,

(3) ERMHDER LD, & (z,y) € X XY TR LT,
2T )\(a: y) € A,
r D X ITE BV, ,
y DY TR W,,

PHFEL T
Vx’y X Wx,y C UA(r,y)

L5, WE, yeY IET ZIEOBR n(y) &, nly) D X LS5 {;(y) )Y
DFEL T

n(y)

XZU%W

=1

tEIF TR X ZokE

n(y)

Oy = ﬂ Wai )

=1

EBLE, X X0, I
n(y)
U Un@i(y))
i=1
DIETEEITIR D 2 &2,

(4) BT (3) ZHWVT, X &Y 232y 2 bASIE, X xY a7 b THEI L
% S
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Problem 2

Let X XY be the product of two non-empty topological spaces X and Y, and let {U)}ren
be an open covering of X x Y indexed by a set A. Answer the following questions:

(1) Give the definition of the product topology on X x Y.
(2) Show that X is compact if X XY is compact, based on the definition of compactness.
(3) By the definition of the product topology, for each (z,y) € X x Y, there exist

an index A\(z,y) € A,
an open neighborhood V, , of x in X, and
an open neighborhood W, , of y in Y’
such that
Viy X Way C Uniay)-
Suppose that there exist a positive integer n(y) and a finite sequence {x,(y)}?:(yl) of
points in X depending on y € Y such that

n(y)
X = U Vi)
i=1
Setting
n(y)
Oy = ﬂ Wa, ).y

show that X x O, is a subset of

n(y)
U U
=1

(4) Using (3), show that X x Y is compact if X and Y are compact.

15
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ou  0%*u

% o (O<z <1, t>0),
u(z,0) = f(z) 0<z<1),
0u au

it _vu _ S

WL T2 LT3,

EEL. UToMICEZ K.

(1) Ey(t) WEHTH 3 L E2RE,

(2) Eo(t) IZIEEEMBEELTH 5 2 & 27RE,

(3) Eo(t) DEBIC T 270D f(2) BT 2B+ 50% KD X,
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Problem 3

Let u(x,t) be a C* function over [0, 1] x [0, co0) satisfying

ou  O*u

EZ@ (0<$<1,t>0),
u(z,0) = f(z) (0<z<1),
ou ou

- = = > 0).
0.0 =200 >0

Define .
Ei(t) = / u(z, ) dx (j=1,2).
Answer the following questions. 0
(1) Show that FE;(t) is a constant.
(2) Show that Fs(t) is a non-increasing function.

(3) Obtain a necessary and sufficient condition for f(x) to make Ey(t) a constant.

17



fH 4
NI RX—=% 0 eR 2 b OROIEEHHIRE PO) 2525 :

wME 0 By + oz + a3

il LT + 6x3 > 8+46
P((g) : 3$1 — X9 -+ 8373 > 3
35 > 4+ %0
r1,To,x3 > 0.

(
) D(0) ZHETE,
2) D(0) Diiffrz y* &35, y* 2>y 7Ly 7 AR KRD X,
) y* D3 D(0) DRGEETH H B 0 OEIPHE KD k.
) 73( ) DIRERZE 2*(0) LT 2. (3) TRDK 0 OHEFHICE LT, § ZHNT2*(0) %
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Problem 4

Consider a linear programming problem P(#) parameterized by 0 € R:

minimize : 51 + Ty + 23
subject to :  x + 6x3 > 8+46
PO) 3ry — T3 + 8x3 > 3
3, > 4+ %0
T1,xo,x3 > 0.

Let D(#) be the dual problem of P(6). Answer the following questions.
1) Write down D(6).
2) Let y* be an optimal solution of D(0). Compute y* by the simplex method.

(1)
(2)
(3) Compute the range of 6 such that y* remains an optimal solution of D(6).
(4)

4) Let x*(0) be an optimal solution of P(#). In the range of # obtained in (3), write

down x*(0) using 6.

19



& 5
FRADMERZ P(A) TRT. FRDI {4,122, I LT,

limsup A, = ﬁ G A

n—oo n=1k=n

LT B, MRS BT 2 SRR T BiHE 31 DU T O (1), (2) 105 A &
$7o, BEIIELT, RER

(1 — %) e "2 < /OO e’y2/2dy < 167”2/2, x>0,
x - x

ZAEAZ LICHWTD kv,
(1) {Bn}2o, ZMZHRINE T 5,
(i) LT oAERZRE,

3

P (ﬁ B;;) < exp (— ZP(B@) .

k=1 k=1
ZIT, BIFERBORFREET,

(ii) D2 P(B,) =0 D EE, fEEDn=1,2,... 18 LT P(J,2, Br) = 1 23K
YRVAS RN R -irs o)

(iii) Y207, P(B,) =0 D & E, P(limsup,_,. B,) = 13RH DT L 2R+,

(2) {X, )50, ZMNIFDAMERERBIN E L, X, \(IEEIERSAIHE) £ 5. n=1,2,...
WKHLTS, =X+ +X, £EL.

(i) P(limsup,,_,.{|X.| > VIogn}) =1 ZRE¥.
(i) P(limsup,,_,..{|S.| > 2v/nlogn}) 2K k.
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Problem 5

Denote by P(A) the probability of an event A. For a sequence {A,}52, of events, define

limsup A,, = ﬁ G Ap.

n—o0 n=1k=n

Answer the following questions (1) and (2) without using the limit theorems on sequences
of random variables. Here, the inequalities

1 1 o0 1

<— - —3) e < / eV Pdy < —e 2 1 >0,
xr - x

can be used without proofs, if necessary.

(1) Let {B,}>°, be a sequence of independent events.

(i) Prove the inequality
P (ﬂ B;;) < exp (— > P(B@) :
k=1 k=1
where B¢ denotes the complement of an event B.
(ii) Show that P (|J,o, Bx) =1 for any n =1,2,... when > >° | P(B,) = c0.
(iii) Show that P(limsup,_,., B,) =1 when >~ P(B,) = cc.
2) Let {X,,}°2, be a sequence of independent and identically distributed random vari-
n=1
ables such that X, follows the standard normal distribution. Let S,, = X; +---+ X,
forn=1,2,....
(i) Prove P(limsup,,_,..{|X.| > Viogn}) = 1.
(ii) Find P(limsup,,_,..{|S.| > 2v/nlogn}).

21
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NWIRX=F neR,o0>0%bOMERELEREEK p(e;p,0), reR %
el
) I_ )
p(x;p,0) = o a
0, < p

9%, n>2E LT, MERERX, X, Xy, ..., X, (FHO7ICHERE RIS p(2; 1, 0) DT
ML) Ed%, FhY, 2%

1
Y =min{X,... . X,}, Z=-) X,

£E9%, B, FEERE EIEFEE TN L T lim e 2" = 029K D 2D 2 & ZiFH %
LICHWT &,

(1) FEBEEER LI L, XFDOMRHER a), £ T 5. apyr & ap DIENTHRD SZOBIRA %2 E
He k.

(2) Y DHfEREEER S % K K.

(3) o IFBEAL, plIRAET D, ZDEEY —c £ Z —cy PEDBIT p DARHEERIC %
BEINTE R 1, o ZED X, IS DAEHEE R D EE SR K.

(4) o b plBEBITRAMET S, YV, Z Z2ZHTo & p OMEHEERZ T X,
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Problem 6

Let p(z;pu, o) be a probability density function of z € R with parameters p € R and
o > 0 defined by

;T >,
p(w; p,0) = o s
0, x < .

For n > 2, let X, X, Xs,...,X, be random variables independently drawn from
p(z; pu, o). Define random variables Y and Z by

1 n
Y —min{X,,....X,}, Z-=-SX.
Hlln{ 1, ) } n ZZ:;

The fact that lim e *®z* = 0 for any non-negative integer k and any positive real number
T—00

¢ can be used without proof, if necessary.

(1) For any non-negative integer k, let a; be the expectation of X*. Find the relation
between ay; and ag.

(2) Find the probability density function of Y.

(3) Assume that o is known and that p is unknown. Find constants ¢; and ¢y such that
both Y — ¢ and Z — ¢ become unbiased estimators of p. Also, compute the variances
of these unbiased estimators.

(4) Assume that both o and p are unknown. Find unbiased estimators of o and p using
Y and Z.

23
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(1) 777Xy k Yy ={0,1}ITRHLT, LTD

=Zh.

SmrB A5,
A =1{0,01,10} C

BB ADHIER A=

R,

\ A 2T 2IERERA — F = b OIREBEB (1)
(2) 7TV7 7Ry F I LTBCY ET5, il
HB=X*\BbIEHTHS Z L xm¥

St BOIERLTH 27 5 1F, Z OHfiLE
(3) 7TAW7 7Ry b Y = {1} IcLT, ATD

BEHBEAD,
C={1":0>1FFHETHEV}C Y
St C DSIERD B D 2Rt

==F

SmCDBIEHTH 2612, 2Nnz2BEkdshEts
BRA— T~ roREERKZ 5 Z, ,
ExRVEY ZHIE(E2) ZHWT

—J5, IERTRVARS, Z0BIERTRW S
THEE &,
E 1 REEBE

LITE, 777y F{0,1} EOBFEL = {w: w011 THKb % } 2Bk 2 RE:
HIRA — b= b DIRBEBIKOHITH 5. FHIHIREIR ¢, ZEIREIZ ¢, TH S

iE 2:

=:sh
SR}

Ry EYJHHE

LDIERTHSD L E, ITDE) B p (R EVTR) DT 5:

|s| > p Z2Wile TEED s € LITNL T, XF s IZML T DOEMAZI72 X 91
3ODHET s = ayz IZFETH I LR TE 5!

1. B2 Di>0I1c L Cay’z €L

2.y >0

3. Jzyl <p

Tls| EXTFHN s DEIEZRL, ¢ 3Ty Z i MEE L2 bDE2ERT
722, XFH Y 1340 e (XFER 1OV EFROFI) 2R T
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Problem 7

(1) For the alphabet X5 = {0, 1}, let us consider the following language:
A=1{0,01,10} C 5.

Show a state transition diagram (see Note 1) of a deterministic finite automaton that
recognizes the complement A = X3 \ A of the language A.

(2) For an alphabet 3, let B C X*. Show that if B is regular, then B = ¥*\ B is also reg-
ular.

(3) For the alphabet ¥; = {1}, let us consider the following language:
C = {1°: ¢ > 1is not a square number} C ¥3.

Show whether C' is regular or not. If it is regular, give a state transition diagram of a
deterministic finite automaton that recognizes it. If not, prove this fact by using the
pumping lemma (see Note 2).

Note 1: State transition diagram

The following is an example of a state transition diagram of a deterministic finite automa-
ton that recognizes the language {w : w ends with 011} over the alphabet {0, 1}, where ¢
is the start state and g4 is an accept state.

Note 2: The pumping lemma
If L is regular, then there exists an integer p (the pumping length) such that

for any s € L with |s| > p, we can divide s into three pieces, s = xyz, satisfying
the following conditions:

1. zy'z € L for each i > 0,
2. |ly| > 0, and
3. |lzyl <p,

where |s| denotes the length of the string s, y* denotes the concatenation of i
copies of y, and y° denotes the empty string & (the string with length zero).

25
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TARIZOWTU TORMWIZEZ L. ZOKRONE, — FlgeT2o00F%2Kb, FE/) —
FIZIZIEDBEMEIE ) BTonTWwDE, £2TH/ — NIZIEDOBETRETE, 2%
PDTPTIRID £EL, DWW iTHE/—F%2 T)—=Viy, /—FiziRETERE
TRy RS, RICBIT 28/FICIZ LT ORISR S 5.

LEAF(n)  BEHEn BE D Y TonBHLWE, —F2/D, ZOID 2K ¥
NODE(/,r) FHHADF/ —FIDBZNZENLr THEZHLVHNE, — F2/ED, 2D

ID #3K&§
LFT(4) J—FiDBAE/ — Fogs, EOF/ —FOID #iKT
RHT (4) J—FiDBAE, — Fogs, FOF/ —FOID #ikT
VAL (4) J—=RidDEE ) — FogA, B0 UToNBEMEZRL, 9 Thdro

725650 %RT

F, 7077 LFETRITBEAY y 7 T —IEN 1 o5 D, DT OBBTERIETE 2.

PUSH(i) Uil 2 fEdr
POP() RBICEENBELE 2D R E, i 2T

(1) BA% p(id,ord) ST DEBP I —FDO LI ITERIN T2 LTS, KA TOK
DEIHIITHE>TW5B E EIT p(A,TRUE), p(A,FALSE) D IZ ZNZE N ny,ng, ... D
£ ) ICHEHT,

def p(id,ord)
if VAL(id) == 0 then
if ord then PRINT(O) end
p(LFT(id),ord)
p(RHT (id) ,ord)
if lord then PRINT(0) end
else
PRINT (VAL (id)) | 2
end
end

(2) p(B,FALSE) PMMHIZ 1,2,3,0,0 EHiN1T2 K9 % KB % 1 ORRE XK.

(3) pOHND S RZHEILL 72\, pli,ord) ZF4T L 72412 GETO) ZMEUNHId &, PRINT
DN L 7AEZ NI 129 DIRTHDET S, p(i, TRUE) & T L 2BRICHFUIHT &,
KilZFHELWARGZED, j2BT X 2B O 2EHRY &,

(4) p(i,FALSE) 29T L 2BRICIFNIE T &, RilCHEL WA 2ED, j 2B X5 %B
g ZERE X, 7L PRINT N S N7z [BIE K D GET () 23O S 7z [
B3 lhol- & ZlE, GETO I -1 ZBETHDLET 5,
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Problem 8

Answer the following questions about binary trees where every internal node has just two
children, and every leaf node is associated with a positive integer value. Every node can
be identified by a positive integer, called ID. We refer to a node that has ID 7 as “node 7",
and a tree whose root node has ID 7 as “tree i”. The following functions manipulate trees.

LEAF (n) creates a new leaf node, associates an integer value n to it, and returns
the ID of the node

NODE(/,r) creates a new internal node whose left and right children’s IDs are ¢ and
r, respectively, and returns the ID of the node

LFT(7) returns the ID of the left child of the node i if it is an internal node
RHT (2) returns the ID of the right child of the node 7 if it is an internal node
VAL (2) returns a value associated to the node 7 if it is a leaf; otherwise returns 0

There is one stack data structure at runtime, which can be manipulated by the following
functions.

PUSH(z) pushes an integer value 7
POP() removes the value 7 that is lastly pushed, and returns ¢

(1) Assume function p(id,ord) is defined as the following pseudocode. When tree A
is formed as drawn below, write the sequence of the outputs from p(A,TRUE) and
p(A,FALSE), respectively, in the format like ny,no, .. ..

def p(id,ord)
if VAL(id) == 0 then
if ord then PRINT(O0) end
p(LFT(id),ord)
p(RHT (id),ord)

if !'ord then PRINT(0) end 3
else
PRINT (VAL (id)) | 2
end
end

(2) Draw such a tree B that p(B,FALSE) outputs numbers 1,2, 3,0,0 in this order.

(3) Consider reconstructing a tree from the output of p. Assume GET() is a function,
when it is called after an execution of p(z,ord), that returns the output of PRINT one
by one in the printed order. Define function £ (), when it is called after an execution
of p(i,TRUE), that creates a tree j equivalent to the tree ¢, and returns j.

(4) Define function g(), when it is called after an execution of p(i,FALSE), that creates
a tree j equivalent to the tree 7, and returns 5. When GET() is called more times
than PRINT, GET() returns —1.
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Problem 9

Answer the following questions.

(1)

Operating systems manage threads and processes. Define a process and a thread by
using all the following keywords. The definitions should clarify commonalities and
differences between a process and a thread.

Keywords: abstraction, memory space, multi-processor (or multi-core), flow of pro-
gram execution

Consider a page fault that occurs in a system using virtual memory. Assume that the
page fault occurred when a program tried to read from a virtual address yet there
was no free physical memory. Describe the actions the operating system performs for
this event by using all the following keywords.

Keywords: secondary storage, page table, page out

Operating systems take charge of address translation from a virtual address that a
process uses to a physical address. Suppose a 32-bit processor that uses two-level
page tables. The size of a page is 4 kilobytes. The bit width of an index to lookup
both the first- and second-level tables is 10 bits. Note that 1 kilobyte is 1024 bytes.

Suppose that 1024 pages of memory is allocated. The number of the required second-
level tables depends on whether the virtual addresses of the allocated memory are
continuous or not. Answer the minimum number and the maximum number of the
second-level tables.
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