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Instruction

1. Solve 2 problems out of Problems A, B, and C.
Solve 3 problems out of Problems 1 to 9.

If you solved more problems than specified above, your answers might not be scored.

Write the problem number and your examinee number on each answer sheet.

Do not write your name on answer sheets.

Use separate answer sheets for each problem.

NS e N

If you use multiple answer sheets for one problem, you should write problem number
and page number on each answer sheet.
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Problem A

Let A be a 4 x 4 matrix, b be a four-dimensional column vector, and I be the 4 x 4
identity matrix. We place them from left to right constructing the 4 x 9 matrix (A b I).
Left-multiplying it by a 4 x 4 matrix P, we obtain

1 -11 -10 -1000
0 1.1 4 1 2 100
0O 01 5 3 2 210
0 0 061 1 1 101

Answer the following questions.

1) Write the 4 x 4 matrix P.

(1)

(2) Compute the determinant of A.

(3) Compute a solution x of the linear equation Az = b.
(4)

4) Compute the inverse matrix of A.
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Problem B

Consider the following function

T

f(l’:y):m

defined on the region D = {(z,y) € R? | (z,y) # (0,0)} in the (z,y)-plane R Answer
the following questions.

(1) Evaluate the limit of f(z,y) as (z,y) approaches the origin (0, 0) along the line x = 0.

(2) Fix k € R. Show that |f(z,y)| diverges to +00 as (z,y) approaches the origin along
the line y = kz.

(3) Show that for any a € R there exists a sequence ((Z,,Yn))n>1 in D approaching the
origin such that

lim f(zn, yn) = a.

n—oo
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Problem C

Let A be a non-empty set, and < a binary relation on A. In the following, =, y, and z
are variables over A, and “x £ y” represents “not x < y”. We will describe properties of
the relation < by logical formulas. For example, “< is transitive” is described as

Ve Vy Vz (((z < y) Ay < 2)) = (z < 2)) (*)

where A and = are logical symbols representing “and” and “implies”, respectively. Sim-
ilarly, “< is serial” and “< is irreflexive” are respectively defined by the following logical
formulas.

Vo Jy (x <y) (serial)
Vo (xr £ x) (irreflexive)

(1) Write a logical formula that describes “< is not transitive” (i.e., the negation of (x))
where you can use only the following symbols.

<, A, A\, V, =V, 3, variables, parentheses.
2) Show an example of a set A and a relation < that satisfies all the following conditions.
g

e The number of elements of A is 2.
e < is not transitive.

e < is serial.
(3) Prove the following.

If < is transitive, serial, and irreflexive, then A is an infinite set.
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Problem 1

Let Z be the additive group of integers and let Z/9Z be a cyclic group of order 9. We
denote by p: Z — Z/9Z the natural projection. On the automorphism group Aut(Z/9Z)
of Z/97Z, answer the following questions.

(1) Determine whether o € Aut(Z/9Z) or not for a homomorphism o: Z/9Z — 7/97
such that o(p(1)) = p(4).

(2) Answer the order of Aut(Z/97Z).
(3) Enumerate the orders of the elements of Aut(Z/9Z).

(4) Answer the order of the automorphism group Aut(Aut(Z/97)) of Aut(Z/9Z).
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Problem 2

For the set X = {1,2,3,4}, take the topology

O = {Q)’ {1}’ {1’ 2}7 {17 3}7 {1> 2, 3}7 X}
on X, and consider the subset M = {1,2,4} of X. Answer the following questions.
(1) Determine the closure M and the interior M® of M.

(2) Determine the relative topology Oy on M.
(3) Set

O ={0,{1},{1,2},{1,2,4}, X }.

Find all bijective maps from X to X which are also continuous maps from (X, Q) to

(X, 0.

11
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B 3
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Problem 3

Let D be a constant. Let u(x,t) be a bounded C? function over (—oo,00) X [0, 00)
satisfying the following initial value problem.

ou 0*u  Ou
Toplii (- t>0
5 8x2+8x (—o0o < x < o0, t>0),
u(z,0) = sin(2z) + cosx (—o0 <z < 0).
Answer the following questions.
(1) For D =0, find u.

(2) For D =1, find u.

13
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B 4
INTA—R seR &&ATZRIEETHE -
mAAE (7T+6s)ry, — 4y
Hil#y DTy 1—-3s — x3 — dxy
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Problem 4

Consider a linear programming problem parameterized by s € R:

maximize : (T+6s)ry — 4dzy + (4—3s)zs
subject to : x4y = 1—3s — x4 — bxy — a3
x5 = 1+6s — 2z + dxy + 4dxg
1, %o, X3, Tq,T5 > 0.

Answer the following questions.

(1) Suppose s = 0. Show that an optimal solution satisfies 25 = x4 = x5 = 0.

(2) Compute the range of s such that there exists an optimal solution that satisfies
X9 = Ty = Ty = 0.

15
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(1) FEREE UL, Uy, ... DVENTHANLIZ [0,1] EO—BRDGEITHED & T 5. HEREH X, =
max{Uy, Uy, ..., U,} DA F,(z) = P(X, <z) ZKD X.

(z)
2) (1) D X, 2HVWT Y, =n(1-X,) LEL. Y, OOMHEK G.(y) =P, <y) %
Ko, TH5ITY, ORI HEEH G(y) = hm Guly) &Ko K.

(3) (2) DY, OHAFHE E[Y,] 2K, X o5IZZDMR lim E[Y,] %K K.

n—o0
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WZED & &,
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DIRER 73 B H () = h_)m P(Z, <z) KD XK.
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Problem 5

Answer the following questions.

(1) Let Uy, Us, ... denote mutually independent random variables uniformly distributed
on [0, 1], and let X,, denote a random variable defined by X,, = max{Uy, Us,...,U,}.
Derive the distribution function F,(z) = P(X,, < z) of X,.

(2) Let ¥V, = n(l — X,,) by using X, in (1). Derive the distribution function
Gn(y) = P(Y, < y) of Y, and further derive the limiting distribution function
G(y) = lim G,(y).

(3) Derive the expectation E[Y,,] of Y, in (2), and further derive its limit lim E[Y},].

0, v <0,

n—oo
(4) Let V3,V5, ... denote mutually independent random variables exponentially dis-
eV, v>0,
tributed with probability density function fy (v) = { — 7 and let

Zn, = —max{Vy, Va,..., V,} +log,n.

Then, derive the limiting distribution function H(z) = lim P(Z, < z) of Z,.

n—o0

17
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[ 6

In{HDMERER X1, Xy, ..., Xon, Y1, Yo, .. Y, WHWIHSIE T3, X1, X, ..., Xop X
B4 Exp(0) IZHEW, F72 Y1, Y, ..., Y, (FIBEUE BExp(0?) 125 295, 61T,
X1, Xo, ..., Xop OFEAREYAZ X LU, V1,Y,,...,Y, OEAEHZ Y &35, X5 A —
R 0 >0TEXDHEHDM Exp() OMEREEREI p(x) 1

e—x/@ 0
p(w){ o 7

0, x<0
CHASND.
(1) R A—Z 0 1ZBF 3 R L(0) % 35 X,
(2) T A—Z § DIEAMERE X,V TRY.

18
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Problem 6

Suppose that 3n random variables X, Xo,..., X5,, Y1,Y5,...,Y, are independent of
each other. Assume that X;, Xs,...,Xs, are distributed from the exponential distri-
bution Exp(#) and that Y;,Y5,... Y, are distributed from the exponential distribution
Exp(6?). The sample mean of X1, Xy, ..., Xy, is denoted by X, and the sample mean of
Y1,Ya,...,Y, is denoted by Y. For the parameter § > 0, the probability density p(z) of
the exponential distribution Exp(#) is defined by

e—a:/G

ple)=4¢ 6’
0, z < 0.

x>0,

(1) Find the likelihood function L(#) for the parameter 6.

(2) Express the maximum likelihood estimator of the parameter 6 using X and Y.

19
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TINT7 7Ry +{0,1} EDOFEEZEZS. XFHw TR UT, #o(w) 2w IZEHNS 0 D
S, #i(w) 2w IZHNE 1 OFRE T 5. 728 Z21E, #,(01101) =2, #,(01101) =3
Thb. ZOLE, 53 A B, C,, D ZATOXIITEEKT 5.

A={w|#i(w) JMEHTH 5 }
B ={w | #:(w) & 3 DFFETIEZRN}
Cp ={w | #1(w) & n DFEFHTH 5 }
D ={w | #o(w) W #4(w) DFFETH 2D, F7213 #41(w) S #o(w) DEEHTH 2 }
UFDORWIZEZ K.
(1) 85 A £S5 B OIERERE (1) 22hThbEZ &,

2) nZ 1A LOEBK LTS, 55 C, 2T 2REMHARA — ~~ b Y ORARLE
% (E2) 252 &,

(3) B8 D BIEHTRWZ L 2RV IH#E (1F 3) 2 FHHWTRE.

AA/-\A

SE1: EHEEE
PRI, S8 {w | wld0CTHRED 1 TRD ) ITH T 2 EREBOBITH 3.

o(0U1)*1

F2: REMBRA - Y
PEWAERA— M M VIEATD 5 28 (Q, %, 6,0, F) TH 5.

QLIRS (HIRED)
2. 2@ TILVT 7Ry b (ERESR)
3.0:Q x ¥ — QIXIRIEEM K
4. qo € Q IXBABIRTE

5. F C Q ¥ZHREBOES

—_

E3: RUEY/HE
SELAMEHETETHDLE, DTOLSR M p (RUVEVIE) MHET 5:

w D |w| >p THdEI% L DIEBEOXFHTHD L E, w iTIRDSM % i
729 XT3 DDHI w=xyz ITHHTE5:

1. %D i>0 LT ay’z€ L
2. ly| >0
3. |zyl<vp

EEL, y ik y % i B L DR REDT
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Problem 7

Let the alphabet be {0,1}. For a string w, #,(w) and #;(w) denote the numbers of 0’s
and 1’s in w, respectively. For example, #,(01101) = 2 and #,(01101) = 3. Let A, B,
C,, and D be languages defined as follows.

A ={w | #1(w) is an even number}
B ={w | #1(w) is not a multiple of 3}
Cn, ={w | #1(w) is a multiple of n}
D ={w | #o(w) is a multiple of #;(w), or #;(w) is a multiple of #q(w)}
Answer the following questions.

(1) Give regular expressions (Note 1) representing the languages A and B.

(2) Let n > 1. Give a formal definition of a deterministic finite automaton (Note 2)
recognizing the language C),.

(3) Prove that the language D is not regular by using the pumping lemma (Note 3).
Note 1: Regular expression

The following is an example of a regular expression representing the language {w |
w begins with 0 and ends with 1}.

o(0U1)*1
Note 2: Deterministic finite automaton
A deterministic finite automaton is a 5-tuple (@, X, 6, qo, F'), where
1. @ is a finite set of states,
2. Y is a finite alphabet,
3.0 :Q x X — ( is the transition function,
4. qo € @ is the start state, and

5. F C (@ is the set of accept states.

Note 3: The pumping lemma
If L is a regular language, then there exists a number p (the pumping length) such that

for any string w in L such that |w| > p, we can divide w into three pieces,
w = xyz, satisfying the following conditions:

1. for each i > 0, ay'z € L,
2. |y| > 0, and
3. Jzyl < p,

where 1/ is the string obtained by concatenating i copies of 7.

21
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A 8
UTFoMo7Ta s LT a 2B8ERIORY & T 5.
(1) RO T 25 LTI a 12K E D7z n O ESE af0],...,an—1] (n > 1) %

V=320 TH5. 2DT0T T LW DFEITHIZES] D EZEANDR AR &
REBRDGHELERNMNIBIGEDENETNIIDOVWTU T ZEZ K.

(a) FiCH1 0D % D2 A A
b) BHI DT ADRA 5
SIAES E RAERE, A — X =R NI DS TEROBTEEET L.

for (dint i =0; i<n-1; i=1+1) {
for (int j=1i+1; j<mn; j=3j+1){
int a_i = al[il], a_j = aljl;
if (a_j < a_i) {
ali]l = a_j;
aljl a_i;

}
+
+

(2) RKEIn=2m—1 (7L, m ZIEEH) DOEH a DERVPANZET TN T\

10

11

12

T5. 22T, aPoEAITERALEFEE X — (key) L UT, U FD TS T LMWK
ZUR o2 REREITS. 2D L ZOEFIBERZOSREBOMMFHEEZER L. 72
EU, ¥—1Fal0],....an— 1] »SEHETENIND LIET B L.

int 1 =0, j=n-1;
while (true) {
int ¢ = (i + j) / 2;
int a_c = alc];
if (key == a_c) {
break;
} else if (key < a_c) {
j=c-1;
} else {
i=c¢c+1;
}
}

22
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Problem 8

In the program fragments of the following questions, let a be an array of integer values.

(1)

11

12

The following program fragment sorts the n data items a[0],...,a[n — 1] (n > 1)
stored in the array a. Consider cases when the number of updates of array elements
is maximized and minimized. For each of these cases, answer the following:

(a) the number of references to array elements and

(b) the number of updates of array elements.

The number of references and updates should be described by a polynomial in n,
without using the O-notation.

for (dnt i =0; i <n-1; 1i=1+1) {
for (int j=1+1; j<n; j=3+1A{
int a_i = alil, a_j = aljl;
if (a_j < a_i) {
ali]l = a_j;
aljl = a_i;

by

Suppose that the size of the array a is n = 2™ — 1, for a positive integer m and
that the elements of the array are arranged in ascending order. Here we arbitrarily
choose a key (key) element from the array a, and conduct a binary search for the key
in the array using the following program fragment. Answer the expected number of
references to array elements, when the key is chosen uniformly from a[0], ..., a[n —1].

int 1 =0, j=n-1;
while (true) {
int ¢ = (i + j) / 2;
int a_c = alc];
if (key == a_c) {
break;
} else if (key < a_c) {
j=c-1;
} else {
i=c¢c+1;

3

23
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HIRTFAHDY A a0 2o TED, TOXREZIZTNEFN 1, 2, 3, 4 DEFEREIN
TWa. 1A EDEHnIZOWT, EEDOEEY A anziko/z &1 a0 HDH
Mn LRG0 % S, LBL. HIZIEHD 3 L 2HEDORINILLTD 4 8D TH
5DT, S3=4Ths.

» 1,1
, 2
1

b

W N = =

(1) S, itz HWTERE K.
(2) S, <2" WD DI & & RE.

(3) GA 5N 1B LI n 12 2WT O(n) BOBEMOMET S, %3271 T
ZLRBEL, TOEELa— K Eide &
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Problem 9

You have a dice with four faces. The numbers 1, 2, 3 and 4 are placed on the faces.
Consider the sum of the numbers obtained by throwing the dice any number of times.
For a positive integer n, let S, be the number of ways to throw when the sum is equal to
n. For example, S3 = 4 since there are the following four ways to throw the dice where
the sum is equal to 3.

, 1,1
, 2
1

3

W N ==

(1) Define S, by a recurrence formula.
(2) Show S, < 2.

(3) Design an algorithm computing S, for given n with O(n) integer additions, and
describe pseudocode of the algorithm.
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