BRINZAHIE. HEFICHTELEDBEIERE L>TILEWL,

FMRB (48) 2022 K{&

2 - FHEMF BSR PRI OB 005 — g 1285309
Mathematical and Computing Science Time 9:00AM - 12:30PM
AEEHE

1 MA, BB, BC &b 2HZER UREE XK.

2. f11~R9 &0 3MZERUMEELE K.

3. BERE N B A TWE LIS 3 BRAENGRVAEEEDN D 5.

4. TN T OMRERMICHT HERS B X UZHRES 2t A8 XK.

5. R 1T &I 1 OB HAICREEAR K.

6. MAEHMOERmZH L TEMEDIRND, ZTOHEIERIC TEm\L | FOXRZ
FTBLT L.

Instruction

1. Solve 2 problems out of Problems A, B, and C.
2. Solve 3 problems out of Problems 1 to 9.

3. Note that if you solved more problems than specified above, problems you solved might
not be scored.

4. Write the problem number and your examinee number in the designated place of each

answer sheet.

5. Use one answer sheet per problem.

6. You may use the other side of the answer sheet, but in that case you should indicate
that, for example, by writing “continue to the other side.”
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z,y € R 2 1 M7 dKTeHINT MVET S, el did 200 EEd 5. dxd
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A=xy’ —ya’
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XK.

(3) A2DJpEulElfEEZ z,y LZNED IV TERY.
(4) A® # A ZEHIE X
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Problem A

Let «, y € R? be linearly independent d-dimensional column vectors. The dimension d
is assumed to be greater than or equal to 2. The d x d matrix A is defined by

A=zy" —yz’,

where 27 is the transpose of z. The norm of z € R? is denoted by ||z|| = V27z. In the
answer, the Cauchy-Schwarz inequality and the condition of equality can be used without
proof.

(1) For d = 2, find a pair of x,y € R? such that A% = A holds.

(2) Show that each eigenvector of non-zero eigenvalues for A? is expressed by a linear
sum of x and y.

(3) Express non-zero eigenvalues of A% in terms of x,y and their norms.

(4) Show that A3 # A.
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[Hl B

A(x) & B(y) 2 R LD C?AhDIFEERIE E L, Clz,y) 2 R?* LD C2-HhDFEUERIEL
L35 ELIFOMWICEZ K.

(1) BEE f(2,y) 2
flz,y) = A(r) + 2B(y)

LEDBHE, [l3ALBEEGEBVEGR of,, = f, BT LERE, HL

[y =0f)0y, fo, = 0*f0x0y FLT 5.
(2) BIR g(z,y) %2

g(x,y) = A(z)B(y)

LEDBEE, W ogag B g & g, BAVE A & B REEARVKRTEDE.
(3) BIEL h(z,y) = Clz 4y, 2 —y) TR UT, helz,y) — hyy(z,y) ZEITHEE XK.
(4) BAEY k(z,y) %

k(r,y) = Az +y)B(x — y)
LEDDEE, B (ko — ky)k Zky &k, ZHVIZ A & B ZB TRV TEDE.
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Problem B

Let A(z) and B(y) be real-valued C*-functions on R, and let C(z,y) be a real-valued
C2-function on R2. Answer the following questions:

(1) Show that the function defined by

f(z,y) = A(z) + 2B(y)

satisfies the relation zf,, = f, not containing A and B, where f, = Jf/0y and
fuy = 0*f /020y ete.

(2) Consider the function defined by
g(x,y) = A(x)B(y).

Show that the product g,,g can be expressed in terms of g, and g, without use of A
and B.

(3) By setting h(z,y) = C(z +y,x — y), compute hy,(z,y) — hyy(z,y).
(4) Consider the function defined by
k(z,y) = Alx +y) Bz - y).

Show that the product (ky, — kyy)k can be expressed in terms of k, and k, without
use of A and B.
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[ C

AU A 2, y, . D EEHELS A GREERT), v GREERD), - (f59E) 2 WO THERK
END. 2RI CFE LT, R EZHVS. BEEYEEID T L& mEzZ I
o(f#) K72l 1(31) OHPMEZE D Y TEHRHTH %, HIEEID YT fIc KB ¢
OHEBMEZ f(p) bEL. 722 f(2)=0,f(y) =1 &E5E f(xV-(yA-2)) =0TH
%. i MFEEARETH S & 1X, f(p) =1 L RZ2EMERID YT fIFETAHT L
TH5.

(1) RO FCEAIRET H 5 i 2 72 DU Tih R K.
(xVyVz)Aa(yAz) Az
(2) RDFHEDLD SEDIMEDZ RN XK.
Bl p &y WELICHAIEARETDHSEDIE, oAy BFREARETH 5.
ZUTHDVIDEEIFTNZRIAL, RO RWEE IR A2 XK.
(3) RDFFEDLD NEDMEN 72BN K.
Lol DEBLEDNNARARETH S50, oV IFFREFRETHS.
ZLUTHDIDEERERTNZAEAL, MO0V EIE RG2S K.
(4) B2 N 01, 00, .. 00 (R >2) WL T, R ot ZRTEERT 5.
(1 Vz) A (21 Voo Vomg) Az ViosVaxg) A A(Tp—2V @n_1V Zp_1) A1V @n)

f:fgbﬁﬁﬁgiyl’l,l’g,...,xn_l CiEb‘CCE& D, P1,P25 -+, Pn @qi'cf_fﬁ’htib\%o)
£9%. ROSIZDZRHE K.

(A1) o1V pa VooV g, DRRATREE DS, o LRETHETH 5.
(4-2) ot DRI DIE, o1 VsV -V o BIRTTHETH 5.
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Problem C

Logical formulas are constructed from propositional variables x, y, ... by using the logical
connectives A (conjunction), V (disjunction), and — (negation). We use letters ¢, 1, ...
to denote logical formulas. A truth assignment is a function that assigns a truth value
0 (false) or 1 (true) to each propositional variable. For a truth assignment f, f(p)
denotes the truth value of ¢ under f. For example, if f(z) = 0 and f(y) = 1, then
flz VvV =(y A—zx)) = 0. A logical formula ¢ is said to be satisfiable if and only if there
exists a truth assignment f such that f(¢) = 1.

(1) Determine and explain whether the following formula is satisfiable or not.

(xVyVz)Aa(yAz)A—x

(2) Determine whether the following statement holds.
If both ¢ and v are satisfiable, then ¢ A v is satisfiable.
If this statement holds, prove it. If not, give a counterexample.
(3) Determine whether the following statement holds.
If either ¢ or 7 is satisfiable, then ¢ V v is satisfiable.
If this statement holds, prove it. If not, give a counterexample.

(4) Given formulas @1, o, ..., ¢, (n >2), a formula ¢ is defined as
(p1 Vo)A (21 Vpa Vo) A(2aV s Voxg) A A(Tp—aVn_1V 2y 1) A(Tp_1Ven),

where the propositional variables x1,xs,..., 2, 1 are mutually distinct and do not
appear in @1, ©s, ..., @,. Prove the following two statements.

(4-1) If 1 V o V - -+ V ¢, is satisfiable, then ™ is satisfiable.
(4-2) If T is satisfiable, then @1 V o V -+ V ¢, is satisfiable.
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pFEE L, B DRRIENRZ/HZ ZF, b EL. GLy(F,) ZF, 2K L3 %2 x 2
AR THN DRI DWW TSR,

SLy(F,) = {M € GLy(F,); det(M) = 1}

a b

%%@%ﬁﬁaﬁé.zzf@uQ ’

EZLUTOMWICEZ XK.

(1) LUR DS () 217z /e G & Z DERITRE H OflE 1 DT, TD X5 BHlicE-
TV HZFHE XK.

() H G OIEHEAETIEEW
(2) SLy(F,) l& GLo(F,) DIERH AR CH 5 T &2t
(3) GLy(F3) DA 2 DT NTRD L.
(4) PEBE GLo(F5)/SLo(Fs) 1&, 1%k 4 OKEREICES T & 2RE.

)Fﬂm—%ﬁ2x2ﬁﬂ®ﬁﬂﬁTﬁé.z®
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Problem 1

For a prime number p, we denote by F, the finite prime field Z/pZ. We define GLy(IF,)
to be the group of 2 x 2 invertible matrices whose entries belong to IF,, and define the
subgroup SLy(F,) of GLy(F,) by

SLy(F,) = {M € GLy(F,); det(M) = 1},

b

d
following questions.

where det( <Z >) = ad — be stands for the determinant of a 2 x 2 matrix. Answer the

(1) Give an example of a group G and its subgroup H that satisfies the condition (k)
below. When answering, provide an explanation why it is such an example.

(*) H is not a normal subgroup of G
(2) Prove that SLy(F,) is a normal subgroup of GLsy(IF,).
(3) Find all the elements of GLy(F3) that have order 2.

(4) Show that the quotient group G'Ly(F5)/SLo(F5) is a cyclic group of order 4.
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i
X ZitHZER &35 & &, DIFDOIWICEZ K.

(1) NI ARIVTEFOERZIBXRK. £z, X BDERESHDONT X RIVTZE[O &
X, X OfiHZRES K.

(2) X x X OESES
A={(r,z) e X x X;z e X}
WREMHICBEAU TGO EE, X 3NTARIVTZEMICES T &R,
(3) X EORMEBIFR ~ IS LT,
2] ={y e X;y~uz}
L&D ze X DT BAERZERTS. it
X/~={lz]; € X}

ICE->T X EORERIR ~ 2K BHEGZERL, p: X s - 2] € X/~ THAR
T ERDT. TDOLE, BER

V={VCX/~;p(V)iF X OFESL}
13 X/~ ORIk L% T L RRE.
(4) HifCTH A AR ~ ZHWT
R={(z,y) e X x X; 2~y

ICE>TEE S X x X OETEEVEMHICE U THAESTHI DI p: X — X/~
FHBGTHE EIETS. COEE, (X/~V) BNTARIVTEMCEBT L%
R

10
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Problem 2

Let X be a topological space. Answer the following questions.

(1)

(2)

Give the definition of Hausdorff space. Suppose that X is a Hausdorff space. Deter-
mine the topology of X under the assumption that X is a finite set.

Consider the subset
A={(r,z) e X x X;z e X}

of X x X. Show that X is a Hausdorff space if A is closed with respect to the product
topology on X x X.

Let ~ be an equivalence relation on X, and denote by
[z]={ye X;y~a}

the equivalence class of x € X. Moreover, let
X/~={la]; 2 € X}

be the quotient set of X by the equivalence relation ~ and denote by p : X > z
[z] € X/~ the canonical projection. Show that

V={V C X/~ ;p (V) is an open subset of X}
is a topology on the set X /~.
Let ~ be the equivalence relation as in (3), and consider the subset
R={(z,y) e X x X;z~y}

in X x X. Suppose that R is closed with respect to the product topology on X x X
and the projection p : X — X/~ is an open map. Then show that (X/~,V) is a
Hausdorff space.

11
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3

o e )
f@= [ Wty *)
0

ety

B HTTIKE [0, 1] FORBUBEGERI [ #EZ 5.
0,1] FOFEMCREERIE Atk 7 4 8IBZ2R C[0, 1] ISkt LT /b L

1f1 = sup{[f(z)];0 <z <1}
AL TNF onNElze X £ LFORWICEZ K.
(1) ||IfII &SRR X LD/ IV LZEED S T LRt

(2) X OIT fITHRL, 1
(Tf)(x) = / Wty

ety

L4, TIRX DD X NOBIEEGRE 52 2z T2 X.
(3) (*) DM X EME—DIFET B T L 278,

12
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Problem 3

Consider the integral equation

erty

f(x) = / W +y,, *)

where f is a real-valued continuous function over the interval [0, 1].
Let X be a Banach space of real continuous functions over [0, 1] with the norm

11 = sup{|f(2)][;0 <z < 1}.
Answer the following questions.
(1) Show that || f|| really defines the norm over X.

(2) For f € X, let
rhe) = [ Wty

erty

Answer, with a reason, whether T" defines a linear map from X to X or not.

(3) Show that (*) has a unique solution in X.

13
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] 4
LUFORIERTHIRE (P) ZF& 2 5.
mKIE Tz
(P) filfy o Az < b
x > 0.

7272L, AcR™" beR",cc R" GAJIT—RTHY, x € R" IZEZHT MV TH
5. £z, 013X MILTHB. EERZATO TIERT MVOIEEZERL, N7
MV u,v LT u<v 30T EDAREREZET.

DROBWICEZ K.

(1) b=00D L&, (P)MWEITA[REMRZH DI LZ2RE.
(2) b=0 DL E, (P)ICHEMMNIAET NS, &I THS I LZRE.
(3) AJIT—42N

17 1 2 7 —2
A_(12-4 Q’ "Q)’C_ —2

THALBNTWB L EIC, (P) DREfi7z R X.

14
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Problem 4

Consider a linear programming problem (P) as follows:

maximize : clx

(P) subject to : Az b
0.

8
IV IN

Here, A € R"™*", b € R™, ¢ € R" are input data, € R" is a variable vector, and 0 is the
zero vector. The superscript T indicates the transpose of a vector, and w < v denotes
the element-wise inequality for vectors w and v.

Answer the following questions.

(1) Suppose b = 0. Show that (P) has a feasible solution.

(2) Suppose b = 0. Show that, if (P) has an optimal solution, the optimal value is equal
to 0.

(3) Suppose that the input data are given as follows:

1 7 1 2 7 —2
A_(l 5 _1 2>, b—<4>,andc— 9

Obtain an optimal solution of (P).

15
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5

R ZHEEOES, BR) Z R LORUIVERKRETS. f, g ZL Bl R EOMEREEER]
BELT, AcBR) & recREZZNEN,

A={z eR: f(z) < g(v)},

r:/ min{f(x),g(x)}dx
WKXDEDD. LTTIE, PIRIHREZERTEDEL, WREH X, Y OREAMER I
TNETN f,gIc XD EEBEDLT 5.
(1) P(X € A)+P(Y € A =r THBH LZRE. TTT A IF ADHIEAETH%.

2 PX =Y)<r ThHaIlzmr¥E. IIZL, X L Y BEVIHYTIEEWED L
95%.

(3) IP(X € A) —P(Y € A)|=|P(X € A) —P(Y € A%)| =1 —r TH BT LERE.
(4) fEED BeBR) IKHLTIP(X€B)—-PY €B)|<1—r ThHabZ ZH.

16
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Problem 5

Let R and B(R) denote the set of real numbers and the Borel field on R, respectively.
Let f and g be both probability density functions on R, and define A € B(R) and r € R
as

A={zeR: f(z) <g(x)},
. / min{ (), g(x)} da.

In the following, P denotes the probability and the marginal probability distributions of
random variables X and Y are determined by f and g, respectively.

(1) Show P(X € A) +P(Y € A°) =r, where A° denotes the complement of A.
(2) Show P(X =Y) <r, where X and Y are not independent of each other.
(3) Show [P(X € A) —P(Y € A)|=|P(X € A —P(Y € A9)| =1—r.
(4) B) -

4) Show |P(X € P(Y € B)| <1—r for any B € B(R).

17
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& 6

x,y ZFRE, n ZIEOFERY, 0 7% 10) <1 ZimlcTREETD. RNTRA=2 9 NG5 5N
el E, R? ORI

p@4ﬁ®==C@%mp(—%@9+y2—2ﬁw0

ORI N(0) £EFL. TTTCOW) & 0 OBETH D (z,y) IKIFKE LR,
(X1, Y1), (X2,Y2), ..., (X0, Yy) %2 R? ICfliZ2 & ZWEREE L, N(0) ICHVICHES &5

B. 70 ORI f(0) %
0
FO)=1—p

LERT D, UTOMWICEA K. RELRORAZFIELTHOTE X,
a>07%6E / exp(—az?/2)dr = /27 /a.

(1) B8 C(9) 23R X

(2) (X1, V1), (X2, Y2), ooy (X, V) BEADNIZL EDRT X=X 0 ORIHEERE 0
Y35 f0) F Xy, Xoy o, X BEO YL, Y, ., Y, BROTEY.

(3) (X1,Y1), (Xo,Ya), vy (X0, Vi) BY N(0) ICHNIISHED £F 5. f(0)? DIAFHEE R
K.

18
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Problem 6

Let x,y be real numbers, n be a positive integer, and € be a real number satisfying
|0] < 1. For a given parameter 6, the probability distribution that has a probability
density function on R?

bl 156) = CO)exp (30 + 47 20

is denoted by N (6). Here C(6) is a function of § and does not depend on (z,y). Assume
that (X1,Y1), (Xo,Y3), ..., (X,,Y,) are R%valued random variables that are indepen-
dently distributed from A(6). A function f(6) of 6 is defined by

0
f(9):1_—92-

Answer the following questions. The following formula can be used without proof.

Ifa>0, / exp(—az?/2)dr = /27 /a.

o0

(1) Find the function C'(0).

(2) For given (X1,Y1), (X2,Y2), ..., (X,,Y,), the maximum likelihood estimator of the

parameter 6 is denoted by 6. Express f(0) using X1, Xo, ..., X,, and Y7, Y5, ..., V},.

(3) Assume that (X1,Y7), (Xo,Y2), ..., (X,,Y,) are independently distributed from
N(0). Find the expectation of f(6)%.

19
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7
SZAEDOTIVT 77Xy e l, S, ={0,1} £9%. LUFTORWICEZ XK.

(1) ABCYX 9%, 5ii AL BMERTHSE5E, AB={w|weAMDw¢B}
LIEHTH S EZREMARA—F~ M GED ZHVWTRYE.

(2) 8y EOFFECHIERTERNWC &2, RVEVTHE (1F 2) ZHWTRE.
C={ww|weX;}

(3) 3o LOFEFE D MDIERTERNT L7Z2RE.
D= {w1w2 | |w1| = |w2\ 75\9 w1 # wz}
4) EC S &35, S5 ENERNOBREATSH 255, LUFOXI 2RSS
S GIMHET BT LRy Uy TR (I 2) BHVTRE.

o I, GIXIEMMDOIEES
e F=FUd
e F'NG =g

A1 REMERA—FI LY
PEMAERA— I~ N ELLFD 5O/ (Q, %, 6, q0, F) TH 5.

. Q IRREDES (AIRES)
2. DETIVT 7Ry~ (ARES)
3.0:Q x X — QXIRAEBBEK
4. qo € Q (FBAlHIRAE

5. F C Q 3 ZILREEDES

& 20 RVEY JHE
St L WIEMEHETH B L E, LFDOKI B p (RVEVTE) DMEET S

w W |w|>p THHXIER L DERDOXFITHB EE, w T ROFEM 2
1729 KD 3 DD w=ayz IKHEITE%:

1. J/RD i >0 LT ay’ze L
2. |y >0

—_

3. Jzyl <p
7ei2l, ki Oy ZEfE LIz DR DT.

20
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Problem 7

Let ¥ be an arbitrary alphabet and Yo = {0,1}. Answer the following questions.

(1) Let A,B C >*. Show that if A and B are regular, then A\ B = {w |
w € A and w ¢ B} is also regular by using deterministic finite automata (Note 1).

(2) Show that the language C' over Y, is not regular by using the pumping lemma
(Note 2).
C={ww|weXj}

(3) Show that the language D over ¥, is not regular.

D = {wjwy | |wi| = |wsy| and wy # wy}

(4) Let £ C ¥*. Show that if £ is regular and infinite, then there exist languages F' and
G that satisfy the following conditions by using the pumping lemma (Note 2).

e [ and G are regular and infinite.
e F=FUG.
e FNG =0.

Note 1: Deterministic finite automaton
A deterministic finite automaton is a 5-tuple (@, X, d, qo, F'), where

—_

. () is a finite set of states,

2. X is a finite alphabet,

3.0 :0Q xX — (@ is the transition function,
4. qo € Q is the start state, and
5

. F C (@ is the set of accept states.

Note 2: The pumping lemma
If L is a regular language, then there exists a number p (the pumping length) such that

for any string w in L such that |w| > p, we can divide w into three pieces,
w = xyz, satisfying the following conditions:

1. for each i > 0, 2y'z € L,
2. |y| > 0, and
3. Jzyl < p,

where 1/° is the string obtained by concatenating ¢ copies of y.

21
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& 8

SREWS 77T LSOV TLL FOMWICEZ K. 2T TOSHKEF (a) B2, (b) NIL,
T2l (¢) 2DDSKDOMATH Y, LATDOBIKTEHRIFTZ2ED LT B.

CONS(/,r) STl rZ/HEDEZRE T HMHZIRT
LEFT(z) o DYMHOD & EZDEDOEERIRT
RIGHT () 1z MWMHODO L EZDHDEERIKRT
CONSP(z) « AMHODEEH, ZNLUNIAEIRT

% 7z CONS(z;,CONS(xs,...,CONS(x,,NIL)...)) &LWHSED S KXEV AL &MU,
(21,9, ..., 2, DX IITHEELT B.

(1) 220V A Mk L7z ) A M 2E T BI app (o, ) ZEREL. UAF (1, 2] &
.- - o] DI [,y ] TBY, BIAIE app (L, [2]),[(3,4],5) =
[1,[2],[3,4],5] TH%B.

(2) XD £(@) FSKZANI LT THS. £([1,2],[3],[[4],5]]) DD EZET.

def f(x)
if CONSP(x) then
return app(f(LEFT(x)),f(RIGHT(x)))
elsif x == NIL then
return NIL
else
return CONS(x,NIL)
end
end

(3) XD m(n) FIFARBEZ A1 LT HTHS. B n WMESSKnn) Z s, &7
HEE, £(s,) DTS CONS DRIz KD K.

def m(n)
if n == 0 then
return NIL
else
return CONS(m(n-1),0)
end
end

(4) BIEK £ (2) ZGE LT-BEE ER L, £ () LA CRERZETH, n(HOREERZ R
DT LT O(n) B LA CONS ZITDARVE S I K. EHETIE S RO T—%
G2 N TR AL AW,

22
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Problem 8

Answer the following questions about programs that manipulate S-expressions. An S-

expression in this problem is either (a) an integer, (b) NIL or (c) a pair of two S-

expressions. They are manipulated by the following operations.

CONS(/,r) returns a pair whose left and right elements are respectively ¢ and r

LEFT () returns its left element when z is a pair
RIGHT(x) returns its right element when x is a pair
CONSP(x) returns true when x is a pair, false otherwise

We call S-expressions that are in the form of CONS(x;,CONS(x,,..

lists, and denote them as [z1, 22 ..., z,].

(1) Define a function app(x,y) that concatenates two lists,

nated list of [z1,...,2,] and [y1, ..., ym] IS [T1, ..., %0, 01, ..

app([l, [QH > [[374]75]) = [17 [2]7 [3>4]’ 5]'

(2) The following f(x) is a function defined on S-expressions.

£[[1, 2], (3], [[4], 51D -

def f(x)
if CONSP(x) then
return app(f(LEFT(x)),f(RIGHT(x)))
elsif x == NIL then
return NIL
else
return CONS(x,NIL)
end
end

.,CONS (2, ,NIL)...))

where the concate-
,Ym]. For example,

Write the result of

(3) The following m(n) is a function definition on non-negative integers. Let s, be the S-

expression created by m(n). Calculate the number of the CONS operations performed

by £(s,).

def m(n)
if n == 0 then
return NIL
else
return CONS(m(n-1),0)
end
end

(4) Define a function that computes the same result as f (2), yet performs only O(n) CONS

operations for x that contains n integer elements. You may not use data structures

other than S-expressions in the definition.
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fd 9
THRENAALS ARV L, UTOEYTZ—BOF vy aX®) (AT, Fyvia)
R OREE T EZ 5.

o vy aDREIF2¥ =8192/N1 FTHS.

o Fyvaduavwy (FyviadgA LR OV A RE25 =321 N ThH5.
B, AAUAT) EF vy aDMOTF—2EENE, Fyv i aTday JHEANTIT
bhs.

o ALY Iy T[S T 5.

e ZDF vy aldT—EF Yy aThb, FITmODHMARIHEZIZ DF vy a
BTV,

COFEREET, TidD 200 CSEOME 1L & 2 2FN TNV L THAT
9 5.

double f1(double A[4096] [4096]) { double f2(double A[4096] [4096]) {
int i, j; int i, j;
double s = 0.0; double s = 0.0;
for (i = 0; i < 4096; i++) { for (j = 0; j < 4096; j++) {
for (j = 0; j < 4096; j++) { for (i = 0; i < 4096; i++) {
s += A[i][j1; s += A[i][j];
} }
} }
return s; return s;
} }
UM OfEziE <.

e double T—ZHIDY A XX 8 /N1 N ThH 5.
o “JthHHDOBERIIRR—=VDRNIRT KIICAALVATY RTINS T 5.
o MCHA DI AT RL A 32 D5 LT 5.

o JAFNZRL, j, sBRTADKHY FLADHEIFLVARICHZ EREL, TNhH
NDT TR AZRAEY T 7R A2 DR,

o BEABOIATHGARFICIE, Frv v aldZE (BFvyyradoy 73 £95%.
DURORICEZ K.
(1) A[O] [0] B THENTZ & XIS, FRACF vy v aIlEBE NS A DEERFPET K.
(2) F1 BRU£R2ZFATLIEBEDF vy ¥ 2 IARZZTNTNEZ K.

(3) (2)ICHBVT £1 & £2DF vy ¥ a I ARDPEZ ZH N2 BRISANK. ZOEE, [
FERFTE) & L <& MEEIRFTE ) OWSNAORHGEZHINCEH ST L.
(RR—IHi<)
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(4) A[OJ[0] ZBLF vy >aday IMNF vy ¥ al{FET B, ZHUE A DO
NDT IR AICKDFryiahbiBOHENS. ZOX5RADEZEE, f1BXU
£20ZNFNUCDONTEAX. BHEIEBENHET NS, IXTOHZER XK.

7RLUA | HEHE

(16 D)
100000 | BJ0][0]
100008 | B[0][1]
100010 | B[0][2]
100018 | B[0][3]
100020 | B[1][0]
100028 | B[1][1]
100030 | B[1][2]
100038 | B[1][3]
100040 | B[2][0]
100048 | B[2][1]
100050 | B[2][2]
100058 | B[2][3]
100060 | B[3][0]
100068 | B[3][1]
100070 | B[3][2]
100078 | B[3][3]

double B[4][4] THS EIND “JUTHHDBELED A A > AEY FOilE.
B DFEUEY R L A% 16 #ELT 100000 &9 5.
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Problem 9

Consider a computer that has sufficiently large main memory and a single level of cache
memory (cache, hereafter) as follows.

e The cache capacity is 2'* = 8192 bytes.

e The size of a cache block (also called a cache line) is 2° = 32 bytes. Note that data
transfer between the main memory and the cache is done in units of cache blocks.

e The direct mapping method is used.

e The cache is a data cache, which is not affected by fetching of executed instructions.

Two functions £1 and £2 below written in C language are compiled and executed on this

computer.
double f1(double A[4096][4096]) { double f2(double A[4096][4096]) {
int i, j; int i, j;
double s = 0.0; double s = 0.0;
for (i = 0; i < 4096; i++) { for (j = 0; j < 4096; j++) {
for (j = 0; j < 4096; j++) { for (i = 0; 1 < 4096; i++) {
s += A[1][j]; s += A[i][j];
} }
} }
return s; return s;
} }

We assume the followings.
e The size of double data type is 8 bytes.

e Elements in a two dimensional array are stored in the main memory as in the figure
on the next page.

e The start address of the array A is a multiple of 32.

e Local variables i, j, s and the start address of the array A are stored on registers.
Therefore accesses to them do not cause memory accesses.

e When execution of each function is started, the cache is empty (all cache blocks are
invalid).

Answer the following questions.

(1) List the elements of A that are copied to the cache simultaneously, when A[0] [0] is
read for the first time.

(2) Calculate cache miss ratios of execution of £1 and £2, respectively.
(Continued on the next page)
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(3) Explain briefly why cache miss ratios of £1 and £2 are different. The explanation has
to include either of “temporal locality” or “spatial locality”.

(4) When the cache block that includes A[0] [0] is on the cache, it will be evicted by sub-
sequent access to another element of A. List such elements for £1 and £2, respectively.
If the cache block is evicted for multiple times, list all the elements.

Address Element
in hexadecimal
100000 B[0][0]
100008 B[0][1]
100010 B[0][2]
100018 B[0][3]
100020 B[1][0]
100028 B[1][1]
100030 B[1][2]
100038 B[1][3]
100040 B[2][0]
100048 B[2][1]
100050 B[2][2]
100058 B[2][3]
100060 B[3][0]
100068 B[3][1]
100070 B[3][2]
100078 B[3][3]

Memory layout of elements of a two-dimensional array declared by double B[4] [4].
Here the start address of array B is 100000 in hexadecimal.
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