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Instruction

1. Solve 2 problems out of Problems A, B, and C.

2. Solve 3 problems out of Problems 1 to 9.

3. Note that if you solved more problems than specified above, problems you solved might
not be scored.

4. Write Mathematical and Computing Science in the designated place of each answer
sheet.

5. Write your examinee number in the designated place of each answer sheet.

6. Use one answer sheet per problem and write the problem number at the upper right
corner of the answer sheet.

7. You may use the other side of the answer sheet, but in that case you should indicate

that, for example, by writing “continue to the other side.”
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B A

n(n>3) BB L, BEEERD L T2 nxn {THRKOESE M, £35. M, D
TECETHN B TR 22 O, 1 £ EFEL. M, DIt A D A% £ 0, A3 = O %l
TelL, M, DIt X %

X =I+A+2A%

WEDEERETS. LTORMWIZEZ K.
(1) RDITH| B Ii2DWT B2 & B 23k X.

(2) M, ZEERY "NVEMTHEEZ % 1, A, A2 DPREHILTH S Z L 2R,
(3) X ODEAMEIEINTLITH S Z L ERE.
(4) X OWfTHI%E I, A, A DFIERITRE.
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Problem A

Let n (n > 3) be an integer and M,, be the set of all n x n matrices whose entries are
complex numbers. Let O and I be the zero and the identity matrices in M,,, respectively.
Assume that an element A in M, satisfies A? # O and A® = O and an element X in M,
is defined by

X =I+A+2A%

Answer the following questions.
(1) Let B be the following matrix. Find B? and B?.

—1
B = 1
1 -1

1
1

o N O

(2) Consider M, as a complex vector space, and show that I, A, and A? are linearly
independent.

(3) Show that all eigenvalues of X are 1.

(4) Represent the inverse matrix of X by a linear sum of I, A, and AZ?.
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H B

XM [a,b] (b>a) ZBTHEMXM I LTERZ N nlE] (n > 5) MO ATRERBAEL f(x)
WX LT T OWIZE R K.

(1)
n—1 (4) a '
Z f ( ) i

qw—a)

Ry(z) = f(z) — f(a) —
=1
2B EEL, fORBEE f Oi ROEEBERT. O E T4 7 —DEMHIC
ED €€ (a,b) BIFELT

(n)
o) = LA D 5 e

n!

LEFS. ZD2200[ A [ B |FRAZIUIOWVWT, FIANSENEXLT
% s RIS R

2) 3

LBE, J %
/f t)dt — u(x)v(z) (xel)

TERINIEKE T %, (1) ZHWT
a a (5)
/ f(@)de = (f() A +b)+f<b>)+‘] ©) oy

Zii7z3 € € (a,0) BPEHET D Z L ERE.
(3) KR f(z) 3 XRDZHERDO & =13, FKX

/ ) =

DD ILDZ L Zt.

a+b

(@) + 4150 + 1))
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Problem B

Let f(z) be an n times differentiable (n > 5) function defined on an open interval I
containing the closed interval [a,b] (b > a). Answer the following questions.

(1) We set

Ry (z) = f(z) = f(a) - ——(z —a)',

where f@ denotes the i-th derivative of f. Then Taylor’s theorem asserts that there
exists £ € (a,b) such that

(n)
Ry = LA D 5 e

holds. Write down the letter in your answer sheet that applies to each of the above

two frames and .

(2) Let
r—a

o) =S50 ole) = @)+ 47 (5T ) + S

and let J be the function defined by

JI(z) = / FOdt—u@o@) (el
Using the fact given in (1), show the existence of £ € (a, b) satisfying

b iy . ®
[ e =250 (pa 4 ar () 4 50)) + 50 - 0

(3) In particular, when f(z) is a polynomial of degree 3, show the equality

a+b

[ s =" (@ + 415+ 50)).
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M C
DIFCIRIEOBE ZT 2 HIEQOEMRT NOBEBZ T Z2E X 5. BAE f,g9 1T LT,
dee RT,Ing € Zt,Vn € Z* [n > ng 72 51F f(n) < c- g(n)]

ThdtZ,
f(n) =0(g(n))
CERTD. Fie, BESf, g ITHLT,

Ve e RY,3Ing € ZT,Vn € Z" [n > no 72 51F f(n) > c- g(n)]

ThdEZ,
f(n) =w(g(n))

LEFRT D.
IFoD (1), (2), 3) oz ZRIIONWT, ETHI0BTHI20EEL, ERIL
TehioTEDEEHZ 5 2 K.

(1) n?logyn = w(n?) TH5. ZITIE n>2%2&FZ 5.
(2) EEDOBEL f,g WX LT, f(n)=0(g9(n)) £7% f(n) =w(g(n)) TH 5.
(3) BA%L f,g 2 LT, f(n) =0(g(n)) 2> f(n) =w(g(n)) THZDDIIFELRL.
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Problem C

In the following, we only consider functions that map positive integers Z* into positive
real numbers R*. For functions f and g, we write

if and only if
Je € RY,3ng € Z1,Yn € Z* [n > ng implies f(n) < c- g(n)].

Also, we write
f(n) = w(g(n))
if and only if
Ve e RY Ing € Z7,Vn € Z* [n > ng implies f(n) > c- g(n)].

For each of the following propositions (1), (2), and (3), answer whether the proposition
is true or false, and prove it according to the definitions.

(1) Tt holds that n?log, n = w(n?). Here, we consider the case that n > 2.
(2) For any functions f and g, either f(n) = O(g(n)) or f(n) = w(g(n)).

(3) There exists no pair of functions f and ¢ such that f(n) = O(g(n)) and f(n) =
w(g(n)).
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1

n>1%BRE, g(n) % n XAFEES, DIED S B, WEHTH 2 D DDONBMOF/NARE
Br33%. o%Db

g(n) = LCM({ord(w) | w € S, w {Z{HEH })

TH2 (ELERBEG EZDIEh € GIZOWT, DM # ord(h) ¥ 1%, h™ HSHAIIT
ERDENDERB M >1TH3). ZOLZLITORMIER XK.

(1) g(3) &3k &.

(2) LUF 0 EBE % 3E0H % 72 1 3R EFE &
S 3K EIRETH 5.

(3) Sy DIAFHDMEEE KD k.

(4) g(5) ZRD &,
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Problem 1

For an integer n > 1, let g(n) be the least common multiple of the orders of the even
permutations of the symmetric group S, of degree n, i.e.,

g(n) = LCM({ord(w) | w € S,,, w is an even permutation}).

Recall that, for a finite group G, the order ord(h) of an element h € G is the smallest

positive integer m > 1 such that A™ is equal to the identity. Answer the following
questions.

(1) Find ¢(3).
(2) Prove or disprove the following statement.
S5 is a cyclic group.
(3) Find the number of the conjugacy classes of S.
(4) Find g(5).
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fE 2

X ZMMHZERY L, S 2ZDMDEEGL T E, S 2EUPHEEITNTOIERS %
S il SOMEE WS, DITOEKET2400FRDS S, 1O0RREERD XA
THbD. EOERDPETHD0%BRN, ZREFNTOVWTED L X ILGEHEY, AL =
RBIE 5 % K.

(1) A, B % X OHnHEGrT5E, AUB=AUB HKH D,
(2) A, B% X DG T5E, ANB=ANB MBKHIID.
(3) {Cn}2, & X DEAEEDHE THE =

n=1 n=1

DI LD,
(4) X 12, (iHE WS 2 IEREREE d 52 s hTwb e L,
Bla,r) ={z € X d(a,z) <r}
&Y, Mlae X ZHDEL, r(>0) PR TIMRAEERT I &
Bla,r) ={x € X; d(a,z) <r}
DI D LD,

10
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Problem 2

Let X be a topological space and S be its subset. The intersection of all closed sets
containing S is denoted by S and is called the closure of S. In the following four assertions,
all but one are false. State which claim is true, and give a proof for each claim if it is
true, and a counterexample if it is false.

(1) If A, B are subsets of X, then AU B = AU B holds.
(2) If A, B are subsets of X, then AN B = AN B holds.
(3) If {C,}22, is a family of subsets of X, then

n=1 n=1

holds.

(4) Let d be a metric on X which is compatible with the topology of X. Then the open
ball
B(a,r) ={r € X;d(a,z) <r}
(

centered at a € X with radius r(> 0) satisfies

B(a,r) ={x € X ;d(a,z) <r}.

11
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& 3
KIEFR R OS2 SEBUEEGBIR f ISR L,

u(zx,t) = /RG(x —y,t)f(y)dy (x €R, t>0)

EEDD. T2IZL

1 2
G(x,t) = B
(1) = —7=¢
3%, ZOLEMUTORWICEZ K. BRBELELZLE [ G(r,t)de =1 (t>0) TH2
C CIFRER LT - Thw,

(1) G 1%
G G
i3 2k BRE.
(2) 1> 00L&, L~—ZHE 1L u—vyo)m%@ﬁ@%um/ %(x,t) iz @
R

HBFRTH S Z & 2mE.

(3) ulik
ou  d%u

E—@ (l’eR,t>0)

73 2 B,
(4) tl_i}r& uw(0,t) = f(0) THBZ Zmt. 7L tl_i}r& Wt =018 2 EHMEKRZ RS

12
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Problem 3

For a real-valued bounded continuous function f over the real line R, define

ula, 1) = / Gl —yO)f)dy (xR, t>0),

where we set

|
G(x,t):\/me o

Answer the following questions. Here the fact that [, G(x,¢)dz =1 (t > 0) can be used
without the proof, if necessary.

(1) Show that G satisfies

G 9*G
(2) Fort > 0, show that the value of / %—f(m, t)| dzx is finite in the sense of the Lebesgue
R

integral or the Riemann improper integral.

(3) Show that wu satisfies

ou  O*u
(4) Show that lim u(0,¢) = f(0). Here lim denotes the limit from the right at ¢t = 0.
t—0+ t—0+

13
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4

nZz 2 EOBKL L, Ry, ZIEOFEHDOEELTS. nKILEXRY Fleca R, &
IEQEHDb € Ry K LT, $EFHERE (P) ZATTED S .

(P) maximize c'x
subject to a'x < b,
0<z;<1(i=1,...,n).

ZIZT, y 3R MLy DEREZRT. XT bl ck a DEZRIT

c C c
A>25 .5
aq a9 Qp,
a; <b(i=1,...,n)

)

Biizsel, S e <b<SXMa e R3WTFEe{l,... . n— 1} BPEET B LT 5.
ZorE, LTOMICEZX.

(1) FEEHHERIE (P) OB RS (D) 2 E17.

(2) #UEETHEIE (P) & (D) NN DOmER T KD, TNODREMTHZ Z & 2N
SHEFIZH O W THERYE &

(3) MYEETHME (P) Oz o & L, BHEGEHHE

maximize ¢ x

subject to a'z< b,
x e {0,1}"

DEHEEZar T2, ZOrEa>—a%nt.

1
2

14



RBEEN3513. REROFICHTEERDBEICEREL 2TV,

Problem 4

Let n be an integer such that n > 2, and let R, denote the set of positive real numbers.
Consider a linear programming problem (P) defined by

(P) maximize c'x

subject to a'z< b,

0<z;<1(i=1,...,n),

n
++7

the elements of ¢ and a satisfy

where ¢,a € R beR,,, and y' denotes the transpose of a vector y. Assume that

c c
a2 0.5

- . )

a; a9 Ay,
a; <b(i=1,...,n),

and there exists an index k € {1,...,n — 1} such that 3%  a; < b < 3% a;. Answer

K2
the following questions.

(1) Write down the dual problem (D) of (P).

(2) Derive an optimal solution to the problem (P) and an optimal solution to (D), and
confirm that they are optimal solutions using the duality theorem.

(3) Let a be the optimal value of the problem (P) and let & be the optimal value of the
integer linear programming problem

maximize c¢' @

subject to a'x < b,
x e {0,1}"

Prove

Qi
AV
N —

15
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5

DUF, PR L, E[X] CTHERZH X OMfHEL RS,

(1) X 23 [—1,1] LO—HERMITHES HERERE 5. EEOFEEt 1T LT B[] 2&t
BE X ZZTI3EEENTHS.

(2) [0,1) LO—FRD IS HERZR U T LT, 2D 2 ERBHOBREY {X, ), TR
T. Thbb, (X,
00 Xn

n=1
Zii7z 3 {0, 1}-EMERZEINTD 5.
(2-a) EEDIERE - n & cy,...,c, € {0,111 LT,

1
p<Xlzcl7"'7Xn:cn):2_n
DI DD Z L R XK.
(2-b) {X,}2, 28 P(X,, = 0) = P(X,, = 1) = 1/2 & i/ THI RIS HHEREEIITH
5t

(3) (1) DFERE (2-b) DFEFEZHAWT, EEDFERL £ 01T LT
sint t
T = THCOS (2_71)

D DILDZ L ZRE.

16
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Problem 5

In the following, P denotes the probability, and E[X] represents the expectation of a
random variable X.

(1) Let X be a uniformly distributed random variable on [—1,1]. For any real number ¢,

compute E[e*], where i denotes the imaginary unit.

(2) For a random variable U having the uniform distribution on [0, 1), let {X,,}°° be the
coefficients of its binary expansion. Namely, {X,,}>°, is the sequence of {0, 1}-valued
random variables satisfying

X
U= —.
25

n=1
(2-a) For any positive integer n and ¢y, ..., ¢, € {0,1}, prove

1

P(Xlzcl,"',Xn:Cn):Q—n.

(2-b) Show that {X,,}°°, is a sequence of independent and identically distributed ran-
dom variables satisfying P(X,, = 0) = P(X,, = 1) = 1/2 for any n.

(3) Using the result in (1) and the fact in (2-b), show that for any real number ¢ # 0

[e.e]

sint t
T = 7!:[1COS (Q_n) .

17
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fE 6
MERZR X, Xy, ..., X, (ZHNLICRI— DRI LTzh, 2 ORESRE RIS

(90 + 1)1‘907 0<z <,
(z;60) =
0, Z At
THEZbN22 33, ZZTOH O >—-1 I ERTHS. LITORICE X
(1) s> —(6p + 1) Zifi7zFHE s LT, X OHFE E[X°] 2K X.

(2) Xi,..., X BHERONTEE, FEFETI p(a;0), 0 > —1 DT A=K 13T %
RCHEER 0 ZRD X.

(3) <0 LM 2MEER PO <0) LRT. 0<s<n(ly+1) Bl TER s 1IcHLT

Pr(é\g ()) < M

MDD Z & ZEEIARE K.
(4) 6y >0 DL =

DD LD T & ZEEHE K.

18
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Problem 6

Let X, X1,..., X, be independent and identically distributed random variables that have
the probability density function,

(90+1)[L‘907 0<z <,
p(z;6h) = .
0, otherwise,

where 6, is a constant such that 0y > —1. Answer the following questions.

(1) For a real number s such that s > —(6 + 1), find the expectation E[X?]| of X?*.

(2) Given Xy,...,X,, find the maximum likelihood estimator 9 of the parameter 6 for
the statistical model p(z;6), 6 > —1.

(3) Let Pr(é\g 0) be the probability of 6 < 0. Show that
(E[X =)

Pr(d < 0) <
eS

for all s such that 0 < s < n(fy+ 1).
(4) Prove that

as long as 6y > 0.

19
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R 7
TT7 7Ry F{0,1} ML T, UTOEEEERS.

Ly ={01" | n >0}
Lo = {0107 | m,n > 0}
Ls = {0™m10™1 | m,n > 0}

T/, SHBLICHLTRWL) E W) ZUTDESITERT 3.

R(L) = {ww® |w e L}
W(L)={ww | w € L}

72720, wtidwodlEx 35, flziE, (01)F=110TH 3.
PIFofWwicE 2z &.

(1) R(L,) 2@ 3 2EMERA — b~ b > DIREBBX (1F 1) 2RE.
(2) W(Ly) 2T 5 XA B EZ ~E.

(3) W(Ls) PXREHBEB TRV 2RI Y ZH# (1F 2) ZHVWTRE.
E 1 REERE

DT, 7v7 57Xy +{0,1} EOFFE{w | w X 011 TEDL 2 } i3 2EMER
F— b b OREEBXOFITH 5. BHIREIL ), ZHIKEIE ¢ TH B,

1
0
— q2 q3 q4
050050
1 0 0

x 2: ROEVT A
S L ONIREHEETH2 &, UTOLS B p (RUVE Y IR) BFIET %:

w|w| >p TH2E572 L DEBEOXFINTH 2L Z, w T ROEM% i
723 L 2I25DDET w = wvryz WTHETZ 5.

L &ADi>01ZHLTuwizy'z € L
2. Jvy| >0
3. Jvxy| <p

20
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Problem 7

For the alphabet {0, 1}, let us consider the following languages.

Ly ={01" | n >0}
Lo = {0m10" | m,n > 0}
Ly ={0™10"1 | m,n > 0}

For a language L, we then define R(L) and W (L) as follows:

R(L) = {ww® |w e L}
W(L)=A{ww |we L}

where w’ is the reversal of w. For example, (011)% = 110.

Answer the following questions.

(1) Give a state transition diagram of a deterministic finite automaton (Note 1) that
recognizes R(Lq).

(2) Give a context-free grammar that generates W (Ls).

(3) Show that W (L) is not context-free by using the pumping lemma (Note 2).

Note 1: State transition diagram

The following is an example of a state transition diagram of a deterministic finite au-
tomaton that recognizes the language {w | w ends with 011} over the alphabet {0, 1},
where ¢ is the start state and ¢, is an accept state.

1

0
— q2 q3 q4
OO0 0

1 0 0

Note 2: The pumping lemma
If L is a context-free language, then there exists a number p (the pumping length) such
that

for any string w in L such that |w| > p, we can divide w into five pieces,
w = uvxyz, satisfying the following conditions.

1. for each i > 0, w'ay’z € L,
2. |vy| > 0, and
3. Jvry| < p.

21
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] 8

EDFR Rz, yDx >y Ziilzs e E, BDORTDHN{(by, ) net12.. %
bl =X
c1L=1Y

b, = max{P(b,_1 — ¢n_1),Cn_1}, n>20% %
¢ =min{e(b,_1 — a1), a1}, n>20¢ =

CERTD. 1L, IFADEELIZOWT ¢(t) &

o(1) = o(t/2), tPIEDOEBD L =
IRz TR D =

EHIRINCERT 5. Fh, cu=08RoktE, BORTDINZZITKT ST 5. i
icix - 77 Yy = 3DLE (bhcl) = (773)7 (b27c2) = (37 ]-)7 (bg,Cg) = (17 1)7 <b4,C4) = (170)
L7555, COLE, Bl {(byc)bners, ODEXIZATH .

(1) 2 =147,y = 93 D&, I {(bn, cn)}n=12.. ZE. PlIZIE2 =7 y=3D &KX

(7,3), (3,1), (1,1), (1,0) L& TUI K.

2) FED n > 1122V T,  (byy1, 1) DIFET DR BIE, b, & ¢, DERRDHEE
byi1 & Cpp1 DIRARDFIEHIEL W L 2mE. 2720, 0 tEROIEAEH m O
KREKIEEZ m T 5.

(3) EEDn > 1122WT, (byi1,Coy1) DIFET D0, boyr + o1 < (by+¢,)/2
TH2b IRt

(4) B2 _DODIEDFH z &y >y &l L, £Z9DH{(by,cn) o1, AL
. ZOrE 2 LTHHEIEORMEZRE.

22
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Problem 8

For positive odd integers = and y satisfying x > y, a sequence {(by, ¢;) }n=12,.. of pairs of
integers is defined by

b=z
1 =Y
b, = max{d(b,_1 — Cn_1),Cn1}, if n>2
¢ = min{@(b,—1 — Cu—1), Cn_1}, ifn>2

where the function ¢(t) is recursively defined as
o(t) = o(t/2), if tis a positive even integer
t, otherwise

for non-negative integer t. If ¢, = 0, the sequence of the pairs of integers terminates. For
example, when x = 7 and y = 3, the sequence is (b1, ¢1) = (7,3), (b2, c2) = (3,1), (b3, c3) =
(1,1) and (b4, cs) = (1,0). In this case, the length of the sequence {(by, ¢,) fne12, . is 4.

(1) For x = 147 and y = 93, show the sequence { (b, ¢;,) }n=12,... For example, you should
answer (7,3),(3,1),(1,1),(1,0) if z =7 and y = 3.

(2) Prove the following statement:

For any n > 1, if (b,41,cnq1) exists, the greatest common divisor of b, and
¢y, 18 equal to the greatest common divisor of b, and ¢, 1.

Here, the greatest common divisor of zero and arbitrary non-negative integer m is
defined as m.

(3) Prove that for any n > 1, if (b,41, Chr1) exists, byt + cnr1 < (b + ¢n)/2.

(4) For positive odd integers x and y satisfying = > y, assume that z and y generate a
sequence {(by,, ¢,) fn=12.. of length 9. Show the minimum possible value for z.

23
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9

k> 0MEDIEREE nog,ny,...,np_1 BDEZADONTZE X ng:ing -1 ny_y DELBEOMERT
0,1,....k—1 ZAEKT BEBERIRZER L2V, 5B ONZEEREE m 1220 T m &K
TG DIEE B e — R MR CA KT 2 GLEE SR rand(m) DRI TE 2255,

B DIzoTa— REFTRBRT 2L 2WFAD T 0T T 2 V7 SiEREOEMa — F &M
AL TXuw.

(1) LT OiLEAERZR230,1,2,3,4 AR T 2R 2 TN EZ X

A=1[0, 1, 2, 2, 3, 4, 4, 4]
def sample()

return A[rand(A.length)]
end

(2) BIRID 2 —BAL LT, FRNTE X ng +ny + - -+ + ng_1 OECHIZE 1 EHEfR 3 U,
BLECE O e DT 272D ZOfES % 187 72 R F 3 & 5 RELBESSREERLS.
ZOHRNTHEAN Z VAL S 2 a— F e ELEERIRD a— FEidide &.

(3) IEEEHE N L IFEAEE n),n), ..., 0}, ZHWVT
no=N-ng+1, n=N-n{+1, ..., ng1=N-n;_,+1

EREDZET L. FiIMOANICTREZMZ, FANCEE n)+n) + -+ +nj_, OEF
Z 1EYEE AU, LR O DT 372D DY EE 41 Bl 7 7€ 2T % &
S AL BN EEN S . 2O ROEFIEOME 2 Y k.

(4) EEDi=0,1,....k—11TD2WVWTn; < N? Zi/e TIEBB N 2E 2 5. FilllckS
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Problem 9

Given positive integers ng,nq,...,nx_1 (k > 0), we would like to make random number
generators that generate an integer from 0,1,...,k — 1 with probabilities given by the
rationg : ny ;- -+ Ngp_1. You may use a random number generator rand (m) that generates
an integer from 0,1,...,m — 1, uniformly.

For answering the following questions, you may use pseudo code in a style of your favorite
programming language.

(1) Answer the probabilities that the following random number generator generates 0, 1,
2, 3, and 4, respectively.

A=1[0, 1, 2, 2, 3, 4, 4, 4]
def sample()

return A[rand(A.length)]
end

(2) By generalizing the previous method, we can prepare an array of length ng 4+ n; +
-+ +4ny_1, and make the aforementioned random number generator that accesses the
array once for each random number generation. Describe the code to initialize the
array and the code of the random number generator.

(3) Let N be a positive integer and ng, n}, ..., n}_; be non-negative integers that satisfy
no=N-ny+1, ni=N-ni+1, ..., ng1=N-n_,+1

By modifying the previous method, we can prepare an array of length ng+n| +-- -+
ny_, and make the aforementioned random number generator that accesses the array
at most once for each random number generation. Outline the implementation of this
strategy.

(4) Assume that a positive integer N satisfies n; < N2 for i = 0,1,...,k — 1. We can
prepare two arrays whose lengths are at most NV -k, and make the aforementioned ran-
dom number generator that accesses one of the arrays once for each random number
generation. Explain the contents of the arrays and describe the code of the random
number generator.
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