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Instruction

1. Solve 2 problems out of Problems A, B, and C.
2. Solve 3 problems out of Problems 1 to 9.

3. Note that if you solved more problems than specified above, problems you solved might
not be scored.

4. Write your examinee number in the column “3ZBR#% " and the problem number in
the column “FAERE}HA” for each answer sheet.

5. Use one answer sheet per problem.

6. You may use the other side of the answer sheet, but in that case you should indicate
that, for example, by writing “continue to the other side.”
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(4 B=A>+A £95%. B OB (rank) & o DBEEE LTRE.
(5) B O#f14] B! 7T 2L &, B lu 2R K.



ZRINDAIF,. HERICYH T EEEDHE ICERE E > TLESIL,

Problem A

Let R3 be a real vector space and a be a real number. A matrix A and a vector u are
defined respectively by

a 1 1 a’+5a+6
A= 1 a 1 |, u= 6a + 6
1 1 a 2a% 4+ 4a + 6
Vectors v, vo, and vz are defined respectively by
1 1
V1 = —1 , Vg = 0 , U3 =
0 -1

Answer the following questions.

1) Show that {v,, vy, v3} is linearly independent.

2) Represent u as a linear combination of vy, v, and vs.

(1)
(2)
(3) Show that vy, vy, and vy are eigenvectors of A, and find the respective eigenvalues.
(4) Let B = A* + A. Represent the rank of B as a function of a.

(5)

5) When the inverse matrix B~* of B exists, find B~ u.
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B B
RCTERINDREHNOHFNEEEEXS.
D={(z,y)|[0<z+y<1,0<z-y<1, y<0}
MFOMWIZE Z £.
(1) D % (z,y)-FEIZBRL, ESIEEE i u=0+yv=0—yll&>TDMWEZBLk
% (u,0)-FHEIZERE &,
2) {gfﬁ% [fo(x + y)2dudy PRT 3 & 5 7 FH8K o OHIPE & Z DR ORI O & K
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Problem B
Consider the subset of R? defined as follows.

D={(z,y) |0<z+y<1,0<z-y<1, y<0}
Answer the following questions.

(1) Plot the region D on the (z,y)-plane, and further, depict the image of D under the
variable transformation u = x + y,v = = — y on the (u, v)-plane.

(2) Find the range of real numbers a for which the improper integral [[ plz +y)drdy
converges, and determine the value of the integral for those values of a.
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B C

N=1{0,1,2,..} £ 95. UFTIZABREENDBIEESGERL, f, fa,f,r I ENP
5 NADOBEE%EKRT.

BHEAITHUT, UMTFTTERINDIEH fa DI &% ADRMERR & WX,

{1(xeA®a%)

I =10 wgamez

BB f AEHRTTRETH B L1, fREETETIVITY XLNPFETH I THS. A A
WREARETH B L1, ADKRMEEBI AR THLEZLTHS.

%A A BORMEBE TN f4, fp £ 5. ANZH72 I 3R ATRE BB r 2MFEET
52 ,%, AXBIZTEITARTHD LN,

fa(z) = f(r(z))
DFDOMENRENTNETHEIMAETH A0 %2EA L. TUTETHIGEILGAL, &

TRWEGRHIZZE T TR TH S Z L 2itIE X, REAE TR WES DL Z ]
LTH &,

(1) BL A & BAHIZHIETEARSIE, AUB RIETRETH 5.
2) BLUAUBDREMRER SIE, AL BOARL L —HIFREARETH 5.

(3) BU Ag, A1, Ay, ... DT RTHREABER SIX, TNODHER AJUA UAU---
FIRERRETH 5.

(4) BUADPRETRET AN BIZETCTRTHSH0IE, BRIEAETDH 5.
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Problem C
Let N = {0,1,2,...}. In the following, A, B, ... denote subsets of N; and f, fa, fp, and
r denote functions from N to N.
For a set A, the function f4 defined below is called the characteristic function of A.

1 (ifxeA

falz) = .

0 (ffz¢gA)
We say that a function f is computable if there is an algorithm that computes f. We say
that a set A is decidable if the characteristic function of A is computable.

Let f4 and fp be the characteristic functions of sets A and B, respectively. We say that
A is reducible to B if there is a computable function r such that

fa(x) = fo(r(z)).

Answer whether each of the following propositions is true or false. If it is true, prove it.
If it is not true, give a counterexample to prove that it is false. You may use the existence
of a set that is not decidable.

3) If all of Ay, A1, A, ... are decidable, then the union AgU A; U Ay U--- is decidable.
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1

R? % 2 IRTTERAR T MIVZERM, GLy(R) % 2 IRIEAERHITHI DR THEL TS, A €
GLy(R) £ b e R2IZDOWT, GE fup:R2 5 R* %

fap(x) =Ax +Db
CEDD (ZZTxeR?). UFOMWIZEZ L.
(1) G ={fap| A€ GLy(R),b € R?} %, GROARIZE > THIZR D Z L ERE.

(2) H={fpp | be R}, GOERBTAIHTHEI L2 RE. ZTIT, EX2RHA
115 CH 5.

(3) BIRHEG/H WAt CThH o5 h, B fHIZEZ K.
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Problem 1

Let R? be the two dimensional real vector space and let GLy(R) be the group of 2 x 2
real invertible matrices. For A € GLy(R) and b € R?, we define a map fap : R? — R? by

fap(x) = Az + b,
where € R2. Answer the following questions.
(1) Prove that G = {fap | A € GLy(R),b € R?} is a group by composition of maps.

(2) Prove that H = {frp | b € R?} is a normal subgroup of G. Here, F is the 2 x 2 unit
matrix.

(3) Answer with reasons whether the quotient group G/H is commutative or not.
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B 2

NFHZEE DS BEEEAT P A RE & 1, R UAM 2 5 2 AR 2 D2/ LIZEET A Z &2 0
5. TV =V OB L, T35 2 ] BN & i 72 3 1E J 2 A7 AH 22 R R A L AT
HETHhHD] EWVWHIELEZFELTWS

o MIHHZERIDEE 2 R AH 2724 & 1%, TOMHEPE2TREEZE DI 20D,

o MAH (E7/-IZFAEAER) DHEL L, FEEDOKEY T, EEOHEEDY DH 55
BOFESIZEZE LWL SBEDTH S,

o MHZEMMBIEAITH 5 & 1F, LED 1 HES {z} VHEETH O, TEOMESF
EFPIZEENTNEH 2T/ UT, o€ U, FCV, 2UNV =0 tbfEAU,
VDOBFHETAEIEZ VD,

FMRES X LOBRMAMIZOWT, BIFORWIZE R K.

(1) 22 X 437 ) Y — v OFEEE T EBLORGE 2 i 7z U TV 5 A 2 & FE D & THIE
&

(2) 7R X DA 1T ATRET B B h A SR O  CHIE Y &
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Problem 2

A topological space is said to be metrizable if there exists a metric on the space giving
the same topology. Urysohn’s metrization theorem asserts that every second-countable
regular topological space is metrizable.

e A topological space is said to be second-countable if its topology has an at most
countable base.

e A base for the topology, or the system of open sets, is a family V of open sets such
that every open set is equal to the union of some sub-family of V.

e A topological space is said to be regular if every singleton set {z} is closed and for
every closed set F' and a point x not contained in F' there exist open sets U and V
such that r e U, FCV,and UNV = @.

Answer the following questions concerning the discrete topology on an uncountable set
X.

(1) Determine, with proof, whether or not the space X satisfies the assumptions of
Urysohn’s metrization theorem.

(2) Determine, with proof, whether or not the space X is metrizable.

11
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@ 3
0,1] X [0,00) TEHEI N7 C* BB u(z,t) 2

U + U = Ugy
u(0,t) =u(l,t) =0

AT LTS, LFOMWIIEZ K.
() v=cu &BLLE, v DALTHEAZ KD K.
(2) t > 00 DEE ulz,t) BERH O IZ—FRIPERT 5 Z & 2Rt

12
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Problem 3

Let u(x,t) be a C? function defined on [0, 1] x [0, 00) that satisfies

Up + U = Ugy
u(0,t) = u(1,t) = 0.

Answer the following questions.

(1) Let v = e'u. Determine the equation that v satisfies.

(2) Show that wu(x,t) uniformly converges to the constant 0 as ¢t — oo.

13
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RS 4
PR OB (P) 2% % 5.

(P) max c'z
s.t. Az <b.

tﬁb,AeRW%beR%ceRnﬁxﬁ?~&@%b,meRnuﬁﬁN7Lw@%
5. £77, ENERFDO TIERT MIVDREZKL, X7 My, 2 ﬁbfy<zum
T DAFERNEZRT. ME (P) ICREEDH 5 LIEL, U TFOMIZE X

(1) ANTF—&H
-1 2 D 9
1 0 3

D EORBEMROELEZHRL, RUHOMBESLRD X, 22T, MES S DlHE
%, SORPT, FEDgreSItNLTp=2olp=qg=rPEHILDOK
DZLThA.

(2) —#%IZ (P) DERGEMRDES IZMNESTH D I L 2R,

(3) (P) DM« 2% (P) DEFHUREMR y1, v, ..., e ZFHVT & =30 Ny, £ RS NB
ET5. EELUEZEOBETHY, M, A, .., A FIEOEBT Y N =1 %07

TeTE. ZOEE, yLys ...,y D (P)ORHEMETH B Z & 2R,

(4) (P) IZEBaBfif I 3FAE S 2 D ERERDE S MM Z B2 WANT — X (A, b, c) Dl %
D EDFIFT, TSN >TWBHEZ#HHY L. 72720, #lTlEdn=2¢&
UclidEruRos hLess2L.

A:

W
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Problem 4

Consider a linear programming problem (P) defined by

(P) max c'=
s.t. Ax <b,

where A € R™*" b € R™ and ¢ € R" are the input data, and * € R" is the variable
vector. The superscript T indicates the transpose of a vector, and y < z denotes the

element-wise inequality for vectors y and z. Assuming that (P) has an optimal solution,

answer the following questions.

(1)

For the input data

draw the set of optimal solutions and compute the coordinates of all the extreme
points. Here, an extreme point of a convex set S is a point p in S such that for any
q,res, ifp:%ithenp:q:rholds.

Show that in general, the set of optimal solutions of (P) is a convex set.

Suppose that some optimal solution @ of (P) is represented as & = Zle AiYi, where
k is a positive integer, yi,¥s, ..., Yx are feasible solutions of (P), and A, Ao, ..., g
are positive real numbers satisfying Zle A; = 1. Show that yi,ys,...,yr are also
optimal solutions of (P).

Give an example of the input data (A,b,c) for (P) such that (P) has an optimal
solution and the set of optimal solutions has no extreme points, and explain why it
is such an example. Here, choose an example such that n = 2 and ¢ is a nonzero
vector.

15
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M 5

P, E X ZnNZhiER, WFEE2RTEDL TS, n ZIEOE, pi,ps,....p0 & (0,1) L
DEHE LT, MERE X, Xy, ..., X, I EHWIZHATIZ,

PX,=1)=p;, PX;=0)=1-p;, 1=12...,n,
ZiizTHDEdTH. S=X1+Xo+--+ X, ELUTBUTOMIZER XK.
(1) S DAFRFE = E[S] % p1,p2,...,pn ZHWVWTERE.

(2) t ZFEHE LT, SOE—AY MK M(t) = E[e®®] % p1,po, ..., t ZFHVTE
U, fERD t € (—00,00) IZH LT M(t) <exp(p(el — 1)) BEHILDZ & &2RE,

B) FEED a>0,t>0ZHUTP(S>a) <e ™M) BWEDVDI L ZRE.

(4) FED e >0 IZHLTP(S > (1+e)p) <e ™t Ziizd 6 >0 WMEETHI L %
~E.

16
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Problem 5

Let P and E denote a probability and the induced expectation, respectively. Let n be
a positive integer and p1, ps, ..., p, be real numbers on (0, 1), and suppose that random
variables X1, X, ..., X, are mutually independent and distributed as

Define S = X; + X5 4+ --- + X, and answer the following questions.
(1) Express the expectation p = E[S] of S in terms of py,ps, ..., pn.

(2) Let t denote a real number. Express the moment generating function M (t) = E[e*]
of S in terms of py, po, ..., p, and t. Furthermore, show that M (t) < exp (,u (e! — 1))
for any ¢ € (—o0, 00).

(3) Show that P(S > a) < e M(t) for any a > 0 and t > 0.

(4) Show that, for any € > 0, there exists a § > 0 such that P(S > (1 +¢)p) < e °~.

17
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& 6
1 IRTTHERER X, X, ..., X, \3HSIZE — DRI U723\, F OHERZEREUE

006790%7 x>0,
x;0p) =
plsh) { 0, Z ofth

ThHEZONE., 22T O FEEHTHSD. AT, HRADHELREZ P(A) LRT. fERE

B Z DSHARRE p, DB o DIERDHIZ LIRS 8 & Z ~ N(p,0%) KT, Z ~ N(0,1)

L0<a<1/2iZHUT, 2(0) 2P(Z <z2(a)=1—a Zfi/z3dfHE LTEERT 5.

UTRORMIZEZ .

(1) X OMFHEE[X] & 4B V[X] 2k k.

(2) Xi,.. X, BIEASNIZEE, MEETV p(2:0), 0> 0 (XB T 2RAHER 0, %
kb k.

(3) IROME % DEBUERE h(t),t >0 20V & DK K.

e 2585 /n(h(1/8,) — h(1/60)),n =1,2,... l&n — 0o T N(0,1) 12575
IR (FERINCR) 97 5.

ROFEEFEH R UIZHNTEW. Y, =237 X oL T Z, % |Z,-E[X]| < yY —
E[X]| 275723 1 IRGTHERZ L 3 5. 2 EBUEBIE £ 123 LT vnf(Z2,)(Ya
E[X]) I&n — oo T N(0, (f(E[X])? V[X]) IZDANHKT 5.

(4) 6o DUFEHI 95% [EHEXE % n, 6, 2(a), 0 < o < 1/2 ZFAWTHERR . WHEH 95%
fERAL I & 13 lim P(6) € [€n, ua)) = 0.95 &7 S PRI [0, w,] 2FEKT 2.

18
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Problem 6

Let X, X1,..., X, beindependent and identically distributed random variables that have
the probability density function,

906700@“, x>0,
x;0p) =
P(@; o) { 0, otherwise,

where 6 is a positive constant. In the below, P(A) denotes the probability of the event A.
Z ~ N(p,0?) means that the random variable Z has the normal distribution with mean p
and variance 02. For 0 < o < 1/2, 2(«) is the real number satisfying P(Z < z(a)) = 1—«
for Z ~ N(0,1).

Answer the following questions.

(1) Find the expectation E[X] and the variance V[X] of X.

(2) Given X, ..., X,, find the maximum likelihood estimator é\n of the parameter 6 for
the statistical model p(zx;6), 6 > 0.

(3) Find a real-valued function h(t),¢ > 0 having the following property.

The sequence of random variables, \/ﬁ(h(l/an) —h(1/6y)),n=1,2,..., con-
verges in distribution to N(0,1) as n — oo.

The following fact can be used without proof, if necessary. For Y, = %Z?:l X;, let
Z, be a one-dimensional random variable such that |Z, — E[X]| < |Y,, — E[X]|. For a
continuous real-valued function f, \/nf(Z,)(Y, — E[X]) converges in distribution to
N(0, (f(E[X]))? V[X]) as n — oo.

(4) Construct an asymptotic 95% confidence interval of §, with n, é\n, and z(a), 0 < a <
1/2. The asymptotic 95% confidence interval means a closed interval [¢,, u,] such
that lim P(0y € [€,, u,]) = 0.95 holds.

n—oo

19
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7
TIT 7Ry ]\ {a,b,c,d} J:@ggg Ll,LQ,Lgi

Ly = {avch|i=1%olEj=Fk (i,5,k>0)}
Ly, = {avic*d' |i=j 2D k=10 (i,5,k (>0)}
Ly = {w|lwldalbZEUEZEEL, D, c & dzZzRUEHET}

BEZD. Sk L1, Ly, Ly DEZIZHLT, TOSHELPXIREHL S IEZDS5EE ERK
THXMMEHEEZ G R L. ZOSHEPXREHTRVWERSIE, KUYV IHiE (1) %
AWT, ZOEEIXIREBETRWI & 2iEHE &.

) XIRBBEEICN TR/ EVIHE S APXUREBHLSIE, Bp(Krevs
B)BEEL, s DRt EI pTHE A DEEOXTHITH S & ZIT, s 1d5&M:
1 EED i >0/ L T, wirzyze A
2. |yl >0
3. Jvzy[ < p
723 KD s =uvayz & 5 NETE 5.

20
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Problem 7

Consider the languages L1, Lo, L3 on the alphabet {a, b, c,d}:
L = {a'b/cF|ifi=1thenj=~k (i,5,k>0)},
Ly, = {abc*d’ |i=jandk=1¢ (i,j,k,¢>0)}, and
L; = {w|in w, the number of a equals the number of b and the number

of ¢ equals the number of d}.

For each of the languages Ly, Lo, L3, if the language is context free, then give a context-
free grammar generating it. If the language is not context free, prove that the language
is not context free by using the pumping lemma (Note).

Note) The pumping lemma for context-free languages If A is a context-free
language, then there exists a number p (the pumping length) where, if s is any string in
A of length at least p, then s can be divided into five pieces s = uvxyz satisfying the
conditions:

1. For any i > 0, uwv'zy'z € A,
2. |vy| > 0, and

3. Jvay| < p.

21
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[ 8

BEDVARNERTEES IO 7T L220T, (1) 6 4) OffWwicEz k. Turs
LOFTHHT SEIEEZUTOEY THS.

(] ZEDEELY) A b

[a, b, c] a,b,c D3 DDEEEEHLDY A b
head(11i) VAN 1i O

tail(li) DA S 11 2o RIHERZ IO Fr\Wz ) A b
(a, b) 1 EHFEN a, H2HEEN b OXRT
first(p) R7 p D1 EBHR

second (p) R7T p DHFE2HFHE

UTFORE% £ 13 EREOREZHW BRI NZT 0TI LTHS.

1 def f£(1i) {

2 c =0

3 s =0

4 while (1i '= []) {
5 x = head(1li)

6 if x == -999 {

7 break // V—T7Z%KlT5
8 +

9 else if x >= 0 {
10 c =c¢ + 1

11 s = 8 + X

12 1li = tail(1li)
13 }

14 else {

15 1li = tail(1li)
16 }

17 bs

18 return (s / c¢)

19

272U, BREDOFERIINEIGEU T2 D #ETHEBETH 5.
(1) BIgK £ RIEHEKR T T2HH5ICED XS 2 fliziKT 7, BERICHEE L.
(2) £([15, 42, -23, 145, 0, 90, -999, 86]) DN EEX L.

(3) B £ ZIFUPHI L2 SICEORBEZREI LD LS L ATTOEE) X hoflz%
Z5. UTFOEEMHIZONT, TNz 3 A0H% 1 D3 D% &,
a. fILH 272 &, THHHE I5THRE BIZETINRWL
b. £ ILHAZEE, TITHIRETINT, I5T7HIEETINS
c. £ ITHREE, TITHIRETT N, ITHIXETFINRY
CFIZEZREE, TITHE 5 ITHRE B IZHEITIND

[oB

CRR—I A5 <)

22
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(4) U0 h 1%, fIBEK g z HHWCEE £ LEUFHEZITD. g DEHKE, L —
TERMHIIZ, Higefio Tkt k. 727U, VANERTOEEIZOWTIZ ER
DEERZMEHTLZ (FNMNIIFADTO S T I v 7 EEROELL I — R 2 {di
LTREW).

def g(li, c, s) { def h(li) {

o p=g(i, 0, 0)
X ZZxMEDs ... return (second(p) / first(p))
}

23
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Problem 8

Answer the questions (1) to (4) about programs that manipulate lists and pairs of integers.
The notations used in programs are as follows.

(] An empty integer list

[a, b, c] A list containing three elements a, b, and ¢

head (11i) The first element of list 11

tail(1i) The list obtained by removing the first element of list 11
(a, b) A pair whose first element is a and second element is b
first(p) The first element of pair p

second (p) The second element of pair p

The function £ below is a program written using the above notations.

1 def f£(1i) {

2 c =0

3 s =0

4 while (1i '= []) {
5 x = head(1li)

6 if x == -999 {

7 break // exit loop
8 }

9 else if x >= 0 {
10 c =c¢ + 1

11 s = 8 + X

12 1i = tail(1li)
13 T

14 else {

15 1i = tail(1li)
16 T

17 }

18 return (s / c)

19

Note that division produces an integer by truncating the fractional part.
(1) Explain briefly what value the function f returns if it terminates without errors.
(2) Answer the output of £([15, 42, -23, 145, 0, 90, -999, 86]1).

(3) Consider examples of input integer lists for the function f that cause division by zero.
For each of the conditions below, give one example input satisfying that condition.

a. When passed to f, neither line 7 nor line 15 is executed
b. When passed to £, line 7 is not executed, while line 15 is executed
c¢. When passed to f, line 7 is executed, while line 15 is not executed

d. When passed to £, both line 7 and line 15 are executed

(Continued on the next page)

24
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(4) The function h below uses an auxiliary function g to perform the same computation as
function £f. Write the definition of g using recursion but not loops. Note that, when
manipulating lists and pairs, you must use the notations introduced above (for other
parts, you may use pseudo code in the style of your favorite programming language).

def h(1li) {

p = g(li, 0, 0)

return (second(p) / first(p))
}

def g(li, c, s) {
fill in here

}

25
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[ 9

0w ZEEEATETHD, 1@OFry L a AT %285 CPU A 22 7-21E%
#2%. CPU A ECEIET 2BEMEEMTIE, ML, I2, I3IZoEIh, Theno 1
TOEFTIZIrD»HHEMEIE TR0 T 5.

I1: 1 7vavy 2291427

12: 370w o914 27)L

I3: ARV T2 AMETHY, Frvvaby bhFyryviaIZonwThinhiks 3.
Frviaby bUEEIZ1I020Yy 791 2)0, FyvvaIALEEHEIFZaY
7 BN 20 597 100ns (= 100 x 1072 D) 25 5.
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27



ZRINDAIF,. HERICYH T EEEDHE ICERE E > TLESIL,

Problem 9

Consider a computer with CPU A, which has variable clock frequency and a single level
cache memory. The machine instructions of CPU A are categorized into three groups,
I1, I2 and I3. The execution time of a single instruction in each group is as follows.

I1: 1 clock cycle
12: 3 clock cycles

13: Memory access instructions, each of which causes a cache hit or a cache miss. In
case of a cache hit, an instruction spends 10 clock cycles. In case of a cache miss, it
spends 100ns (= 100 x 107 seconds), at any clock frequency.

We assume we can ignore effects of pipeline execution and instruction cache misses. For
calculation problems, answers should have two significant figures.

(1) CPU A has a direct-mapped cache memory with a capacity of 32,768 (= 2%) bytes,
and the size of a cache block (also called a cache line) is 64 bytes. The CPU uses
32-bit memory address, which is internally split into three parts as shown in the
figure.

32bits
)

tag index offset

! !

bit 31 bit O

Answer how many bits are required for tag, index and offset parts, respectively. Note
that the index is used to determine the cache block where the memory contents are
stored.

(2) A program P1 is executed on a computer with CPU A. The clock frequency is 2GHz

(= 2 x 10°Hz). The numbers of instructions included in the execution of P1 are

I1: 6 x 10% I2: 2 x 10% I3: 1 x 10% for each instruction group. The cache miss

rate is 20%. Answer the execution time of P1 and the average number of executed
instructions per second.

(Continued on the next page)
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(3) We want to make the execution time of P1 on this computer to be 5/6 times of that
in (2) or shorter. For this purpose, we consider the two following methods.

HW: The clock frequency is changed, while the program is not changed.

SW: The program is improved so that the cache miss rate is reduced. We assume
the numbers of executed instructions in I1, 12 and I3, respectively, are the same
as before. The clock frequency is not changed.

Answer the condition on the clock frequency when the method HW is applied. Also
answer the condition on the cache miss rate when the method SW is applied. For
each method, if it is impossible to achieve the improvement, answer “impossible”.

(4) We want to make the execution time of P1 on this computer to be 1/2 times of that
in (2) or shorter. Like in (3), when each method of HW or SW is applied, answer the
condition for each method.
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